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Abstract

Trade policy uncertainty has become a salient macroeconomic risk, yet its transmission in
open economies remains not fully understood analytically. In models with stochastic volatility,
uncertainty shocks are higher-order objects that vanish from linearized approximations and are
therefore typically studied only numerically. This paper provides an analytical characterization
in a small open economy New Keynesian model with export-tariff uncertainty. Under complete
markets, the equilibrium collapses to a tractable two-equation nonlinear system in producer-price
inflation and the terms of trade, delivering closed-form third-order impulse responses. The
solution reveals two opposing Jensen wedges—a New Keynesian Phillips curve (pricing) wedge
and an asset-market (inverse-return) wedge—whose net effect on output depends on trade
openness and trade elasticity and may change qualitatively depending on price stickiness and
the monetary policy rule. Under a mild common-persistence condition, the full uncertainty
response admits an exact decomposition into two standard first-order shocks—productivity and
risk premium—with time-invariant weights, bridging higher-order and linear analyses. Under the
Ramsey-optimal policy, strict stabilization of producer-price inflation is optimal and the divine
coincidence extends to tariff uncertainty: allocations are invariant to the volatility state up to
third order.
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1 Introduction

Trade policy has become a prominent source of macroeconomic risk. In 2025-2026, the US
administration introduced a series of import tariffs on its trading partners, as well as revisions to the
Section 301 enforcement and exclusion lists for its trade with China.! This has raised uncertainty
around future US trade policy and its potential impacts on US trading partner economies, with trade
flows and investment decisions showing early signs of adjustments. These observations highlight
that agents respond not only to the realized tariffs but also to trade policy uncertainty—changes in
the perceived likelihood and magnitude of future tariff actions— even when current tariffs may be
unchanged.

For trade-dependent economies such as Canada, uncertainty can also be compounded by
institutional “cliff” risks around market access. The United States-Mexico-Canada Agreement
(USMCA) is scheduled to undergo a joint review starting on July 1, 2026, and the governments
have already initiated consultation processes ahead of the start of the review.? These actions and
the impending trade negotiations can shift the perceived distribution of future tariffs and market
access long before any changes to tariffs are announced or implemented.

This raises important questions critical for monetary policy making. When the perceived
distribution of future tariffs widens without any contemporaneous change in actual tariffs, how does
it affect current and future production and inflation, and through which channels—marginal cost,
risk premia, and external relative prices—does the disturbance propagate? And what benchmark
does optimal monetary policy set in an open economy with tariffs and time-varying risk?

Answering these questions is difficult with standard linear tools because tariff uncertainty is a
higher-moment disturbance, and hence is not captured by first-order log-linear approximations. With
time-varying exogenous risk, a volatility state affects equilibrium only through nonlinear expectations
and conditional moments (Bloom, 2009; Fernandez-Villaverde, Guerrén-Quintana, Rubio-Ramirez
and Uribe, 2011; Benigno, Benigno and Nistico, 2013). In our open economy environment, the key
forward-looking restrictions are the New Keynesian Phillips curve (NKPC) and an Euler-consistent
asset-pricing condition whose first-order counterpart is the familiar UIP relation. A change in tariff
risk therefore shifts equilibrium through Jensen terms, and its transmission depends crucially on
monetary policy.

This paper studies optimal monetary policy in the presence of tariff uncertainty using a tractable
small open-economy New Keynesian model with tariffs that follow a stochastic-volatility process.
We focus on uncertainty about foreign tariffs on the country’s exports, and consider a volatility

innovation that raises the conditional variance of future export tariffs while holding the tariff level

!See, for example, White House (2025a,b, 2026); USTR. (20254).
2See USTR, (2025b); Villarreal, Fergusson and Meltzer (2026); Global Affairs Canada (2025).



fixed.?> We solve the model using a third-order perturbation* and contrast complete international
asset markets (complete risk sharing) with incomplete markets.

Our analysis delivers three key results. First, exploiting the fact that the complete-markets
equilibrium collapses exactly to a two-equation nonlinear system in producer-price inflation (PPI)
and the terms of trade (Lemma 1), we derive closed-form third-order responses of the economy to
tariff uncertainty under Taylor rules (Proposition 1), and characterize how the sign and magnitude
of the responses depend on trade openness, trade elasticity, nominal rigidity, and the Taylor-rule
parameters. The closed-form solution reveals that a tariff-volatility shock operates through exactly
two Jensen wedges: a New Keynesian Phillips curve (NKPC) pricing wedge and an asset-market
wedge induced by the Fuler-consistent inverse-return pricing object. These wedges are not sign-
restricted in general. In our baseline calibration, the NKPC wedge is deflationary and, under a
Taylor rule, induces monetary easing and a real depreciation that raises exports and output. On the
other hand, the asset-market wedge pushes in the opposite direction, damping the real depreciation
and partially offsetting the real expansion (Corollary 1). Because the two wedges enter the 2 x 2
system with different policy loadings, stronger inflation feedback, lower trade openness, or more
flexible prices can reverse the sign of the output response (Figures 5-6).

Second, we establish a two-channel spanning result: under a mild common-persistence restriction,
the third-order impulse response to tariff uncertainty is spanned by a constant-weight linear
combination of two classical first-order shocks—a productivity shock and a UIP-wedge (risk-
premium) shock—up to the O(4) remainder (Proposition 2). A single first-order shock cannot
match the joint sign pattern of the uncertainty response in general; two shocks are both necessary
and sufficient in our setting. While the result relies on the tractable two-equation structure of the
complete-markets model and the common-persistence assumption, it suggests a useful approach for
policy analysis with first-order models: one can approximate the effects of a tariff-volatility shock
by simulating two basis shocks and combining the resulting impulse responses with closed-form
weights. In our baseline calibration, a one-standard-deviation tariff-volatility shock maps into a
simultaneous 0.33% productivity shock and a 0.55% UIP-wedge shock, confirming that both the
supply and external-finance channels carry quantitatively meaningful weights (Figure 7).

Third, we derive the Ramsey benchmark under stochastic volatility using a Quadratic—Cubic
(QC) approximation. Under complete markets and producer-currency pricing, Ramsey policy implies
strict PPI targeting, and divine coincidence extends to tariff uncertainty shocks: the Ramsey

allocation is invariant to the volatility state up to third order (Proposition 3). This result has

3Tt is useful to distinguish two related disturbances. A tariff level shock is a surprise change in the current tariff that
moves relative prices directly and can be captured by standard first-order (log-linear) analysis. A tariff uncertainty
shock is a change in the conditional variance of future tariffs that leaves the tariff level unchanged on impact. Such
shocks matter only through nonlinear expectations (Jensen terms) in forward-looking equilibrium conditions. In the
model, tariff uncertainty takes the form of stochastic volatility in the export-tariff process: the uncertainty shock is an
innovation to the volatility state o7 ¢.

*Our approach is related to Benigno, Benigno and Nistico (2013), who develop approximation methods for models
with time-varying exogenous risk. Under our log-volatility parameterization and perturbation scaling, a volatility
innovation changes equilibrium only through conditional variances and has leading effects at third order (Lemma 2).
Online Appendix C provides the coefficient-matching details.



a sharp policy implication: the sizable real effects of tariff uncertainty observed under Taylor
rules are policy-induced, not a fundamental Ramsey trade-off. Under incomplete international
asset markets, however, the exact bond-economy baseline activates an additional Euler/Jensen
(precautionary-savings) wedge, and strict PPI targeting is no longer Ramsey optimal in general.
In this case, uncertainty shocks can have real effects even under inflation stabilization (Online
Appendix ). The incomplete-markets extension thus points to a genuine stabilization trade-off
when international risk sharing is imperfect, and the two-channel spanning generalizes to three
channels by adding a discount-factor (precautionary-savings) shock.

These theoretical results discipline our quantitative analysis and clarify the magnitudes of the
impacts. In our baseline calibration, a one-standard-deviation tariff-volatility shock raises output
by about 0.07% on impact under a PPI-based Taylor rule, alongside PPI deflation of about 0.99
percentage points and a 1.45 percentage-point cut in the policy rate (Figure 9). Under strict
PPI stabilization, the same shock is neutral for real allocations in the complete-markets economy,
confirming the Ramsey benchmark. The NKPC wedge contributes about +0.26% to impact output
while the asset-market/Jensen wedge contributes about —0.19%, so the net expansion is materially
smaller than the pricing channel alone (Figure 10). The closed-form solution also delivers sharp
comparative statics across trade openness, nominal rigidity, and Taylor-rule feedback (Figures 5-6).

This paper contributes to several strands of the literature. First, it speaks to recent open-
economy New Keynesian analyses of tariffs and trade wars (Bergin and Corsetti, 2023; Auray,
Devereux and Eyquem, 2025; Monacelli, 2025), in which monetary policy shapes whether tariffs
are contractionary or expansionary and governs the inflation—output trade-off. These studies focus
on tariff level shocks and typically rely on numerical solutions; we complement them by studying
tariff uncertainty—changes in the perceived distribution of future tariffs that leave the current tariff
unchanged—and by providing closed-form characterizations of the transmission channels and their
interaction with the policy rule. Our results highlight that expectations about future tariffs alone
can influence equilibrium allocations, giving rise to a distinct role for monetary policy.

Second, it connects to the empirical trade-uncertainty literature. Handley and Limao (2017, 2022)
show that trade policy uncertainty depresses investment and trade flows even absent actual tariff
changes; Caldara, Iacoviello, Molligo, Prestipino and Raffo (2020) construct a comprehensive measure
of trade policy uncertainty and document its adverse macroeconomic effects; and KalemliOzcan, Soylu
and Yildirim (2026) highlight an external-finance channel through which tariff uncertainty moves
exchange rates via risk premia. Our two-wedge decomposition provides a structural counterpart
to these empirical findings: the NKPC wedge captures the supply-side channel emphasized in the
investment and trade literature, while the asset-market/Jensen wedge captures the external-finance
and risk-premium channel, and the monetary policy rule governs their relative strength.

Third, it contributes to the broader literature on macroeconomic uncertainty and higher-order
perturbation methods (Bloom, 2009; Fernandez-Villaverde, Guerrén-Quintana, Rubio-Ramirez and
Uribe, 2011; Benigno, Benigno and Nistico, 2012, 2013; Basu and Bundick, 2017). Much of this

work studies time-varying risk numerically; Basu and Bundick (2017) study demand uncertainty



in a closed-economy New Keynesian model and emphasize precautionary pricing. We contribute
analytically by showing that—under complete international asset markets—the open-economy
equilibrium reduces exactly to a two-equation nonlinear system, making closed-form third-order
impulse responses and the constant-weight spanning representation tractable. This tractability
extends to optimal policy: building on the open-economy optimal policy literature (Benigno and
Benigno, 2003, 2008; Corsetti, Dedola and Leduc, 2010) and on QC approximations to nonlinear
optimal policy (Gross and Hansen, 2021), our Ramsey analysis establishes that divine coincidence—a
property known for first-order disturbances in the canonical SOE model of Gali and Monacelli (2005)
and for closed-economy uncertainty shocks by Cho, Han, Oh and Rogantini Picco (2021)—carries
over to tariff uncertainty in the open economy, a purely higher-order shock.

The remainder of the paper is organized as follows. Section 2 introduces the small open economy
New Keynesian model, defines tariff uncertainty shocks (Subsection 2.8), and contrasts complete
and incomplete international asset markets. Section 3 presents the closed-form characterization
of uncertainty responses under a Taylor rule. Section 4 proves the two-channel spanning result.
Section 5 derives the Ramsey benchmark and the associated divine coincidence result for uncertainty
shocks, and provides quantitative illustrations and policy-rule comparisons. The online appendices

collect the full nonlinear equilibrium system, the minimal nonlinear representation, and the proofs.

2 Model

Time is discrete. Our model economy builds on the canonical SOE New Keynesian framework (Galf
and Monacelli, 2005), and is augmented with tariffs and stochastic volatility. Home is a small open
economy and takes Foreign variables as exogenous. We assume that Home firms set their prices in
the Home currency (producer-currency pricing, PCP), so exchange-rate movements are fully passed
through to export prices in Foreign currency. Prices are set under Rotemberg adjustment costs
(Rotemberg, 1982). Home exporters face a Foreign tariff 7;* on their exports, while Home levies
an import tariff Tr; on its imports from Foreign. Monetary policy sets a nominal interest rate
following a Taylor rule in gross levels.

For orientation, it is convenient to group the equilibrium conditions into five blocks (Online
Appendix A records the full list in levels). The first block describes preferences and household
optimality—utility (4), labor supply (5), and the Euler equation (6) (the Euler equation is redundant
under complete markets but becomes essential under incomplete markets). The second block describes
production and price setting—technology (7) and Rotemberg pricing, summarized by the nonlinear
NKPC (8). The third block describes open-economy demand and goods-market clearing—the
CES aggregator (2), export demand (3), the CPI index (9), and the resource constraint (10). The
fourth block is the international asset-market closure—the Euler-consistent asset-pricing relation
(11) together with either complete-markets risk sharing (12) or, under incomplete markets, the
no-risk-sharing closure. The fifth block is monetary policy—either the Taylor rule (14) or the

Ramsey problem studied in Section 5.



2.1 Key objects and notations

Let Pp 4 be the Home producer price index for domestically produced goods and let P; be the Home

CPI. Define P p P
G = —t, My, = — 2t , Il = L
! Pry e Py . P

The wedge Gt = P;/Pp;+ is the CPI-PPI wedge: it moves when import prices (and therefore the
exchange rate, foreign prices, and import tariffs) move, and it is the object that makes CPI inflation
differ from PPI inflation. IIz; denotes PPI inflation, while II¢; denotes CPI inflation. Let & be
the nominal exchange rate (Home currency per unit of Foreign currency) and let P/ denote the
Foreign CPI. The (world) terms of trade is

_ &R
=70

Q1 (1)
In our normalization with constant Foreign prices, a rise in ); is a real depreciation for Home: Home
goods become cheaper relative to Foreign consumption, making Home exports more competitive.
Home consumption is a CES aggregate of Home and Foreign goods with import share o € (0,1)

and trade elasticity v > 0:
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The foreign demand scale is set equal to the Home import share o for parsimony. Foreign demand

for Home goods is isoelastic with the same elasticity and is scaled by «:
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2.2 Households

The representative Home household has CRRA utility
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where o controls intertemporal curvature (risk aversion / inverse intertemporal elasticity of substi-
tution), ¢ controls how elastic labor supply is, and x scales the disutility of work. The household

faces the nominal budget constraint

P.Cy+ By = WiLy + Ry—1By—1 + Py + TP,



where B is a one-period nominal bond, P is firm profits (dividends), and 77°" is a lump-sum rebate

of tariff revenues. Optimality delivers the labor supply condition and Euler equation

/\t = C;U,
Wi -
?t = XLfCt ) (5)
C —0
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2.3 Firms, production, and price setting

Home firms are monopolistically competitive and produce output using labor:
Y: = ALy, (7)

where A; is aggregate productivity. Firms face a Dixit—Stiglitz demand aggregator with elasticity
e > 1 (Dixit and Stiglitz, 1977) and adjust prices subject to Rotemberg quadratic adjustment costs
(Rotemberg, 1982). We impose the optimal production subsidy (1 —75) = (e — 1) /¢, so deterministic
steady-state marginal cost equals one. The Rotemberg optimality condition can then be written as
the nonlinear NKPC in PPI inflation:

Yiv1 M1 Ge (8)
i M G’

(Mg — Dy = (e — 1)(mer — 1) + BRE: | (g g1 — D41
where mc; = MCy /Py is real marginal cost in PPI units, and A\; = C, °.

2.4 Price indices, goods market clearing, and tariffs

The CES demand system implies (i) the CPI price index and (ii) Home and Foreign demands for
each good. With an import tariff Tr; applied to Foreign goods at the border, the CPI is

_ _11/0=)
P = [(1 — Oé)PIl{’tﬁ/ + « (TF,tgtP;‘,t)l 7} ! . (9)

Define P, = EtP;i,t as the Home-currency price of Foreign goods. In the one-Foreign-good SOE
environment used throughout, ;" = Py, and the terms of trade definition (1) can equivalently be
written Q¢ = Pg, /P . Under the SOE limit, we take Foreign inflation as exogenous and focus on
cases where P;ﬂ’t is constant; therefore, the ToT dynamics are driven by (&, g ;).

Goods market clearing for Home output is

K
Y= Cuy+ Clyy + 5 (M — 1)%Y;. (10)



2.5 International asset markets: complete vs incomplete

The international asset-market block combines an asset-pricing relation with a closure that determines
the degree of international risk sharing. Let R; and R; denote gross one-period nominal interest
rates at Home and Foreign. Under complete markets, the exact nonlinear closure used below is the

Euler-consistent asset-pricing condition

Ry [ & ]
1= —e%E, | —]|, 11
Ry L& (11)

which, under constant Foreign prices, is equivalent to

1= ﬁRtthEt[ Qt :| .
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The wedge ¢; is normalized so that, at first order, it shifts the familiar log UIP restriction
re — 5 + ¢y = E¢[Aei1]. This normalization is useful for the decomposition result in Section 4,
where a one-standard-deviation innovation to v serves as a familiar first-order “basis shock.” Later,
tariff uncertainty will generate an additional endogenous asset-market/Jensen correction under the
Euler-consistent closure; to avoid confusion with the reduced-form 1);, we refer to that higher-order
object as the asset-market uncertainty wedge.

Under complete international asset markets, international risk sharing holds:

¢ _, P
()~ &R

(12)

for a constant ¥ > 0. In the baseline analysis we normalize (C}, P}) to constants, so risk sharing

pins Home consumption to the real exchange rate:

o= ()" ™

2.6 Monetary policy

We consider two monetary policy regimes. Under the Taylor rule, the nominal interest rate responds

R, a Y; by
By, (Y) , (14)

where R and Y denote deterministic steady-state values (in our stationary benchmark, R = 1/8),

to PPI inflation and output:

and (¢r, ¢y) satisfy the Taylor principle (roughly, ¢, > 1) in our baseline. Under Ramsey policy,
a planner chooses paths for allocations and inflation to maximize expected welfare subject to
equilibrium constraints. Section 5 shows that the Ramsey allocation coincides with strict PPI

targeting under complete markets.



2.7 Equilibrium

Given the exogenous processes {1y, T}, A¢, ¢} (and exogenous Foreign variables in the SOE limit),
an equilibrium is a collection of stochastic processes for allocations and prices that satisfy: (i)
household optimality (labor supply and the Euler equation), (ii) the nonlinear Rotemberg NKPC
for PPI inflation, (iii) goods market clearing, (iv) the international asset-market block (complete
markets: Euler-consistent asset pricing plus risk sharing; incomplete markets: no risk sharing and, in
quantitative work, a bond-economy closure), and (v) the monetary policy rule. Online Appendix A
records the full nonlinear system in levels.

Under complete markets, risk sharing collapses the relevant intertemporal term in the NKPC
and pins consumption to the real exchange rate, allowing a reduction to a minimal 2 X 2 nonlinear
system in (I, @Q¢) (Lemma 1). Under incomplete markets, the Euler equation becomes a non-
redundant restriction and the minimal representation expands to three dynamic equations (Online
Appendix ).

Lemma 1 (Exact minimal nonlinear system under complete markets). Maintain producer-currency
pricing (PCP) and assume complete international asset markets with constant Foreign objects
(Cf, Py, R}) and normalization Rf = R. Then the complete-markets equilibrium is pinned down by

the following exact nonlinear 2 x 2 system in (I, Q¢):

Y,
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where output and real marginal cost are static functions of (Il ¢, Q) and exogenous states:
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The reduction in Lemma 1 is possible for two reasons. First, under complete markets, risk
sharing eliminates an independent intertemporal margin for Home consumption: the stochastic

discount factor is tied to the terms of trade, so the NKPC discounting term collapses to Q¢/Q¢+1.-



Second, the Euler-consistent asset-pricing relation (11), combined with the Taylor rule and the
definition of @ (under constant Foreign prices), delivers (15). Everything else—output, marginal
cost, absorption, and exports—is then recovered from a static block as a function of (I, Q;) and
exogenous states. The only approximations in our uncertainty analysis enter when we apply a

third-order perturbation to this nonlinear system. The detailed derivation is in Online Appendix B.

2.8 Tariff Uncertainty Shocks

The focus of our analysis is export-tariff uncertainty: uncertainty about the future foreign tariff
faced by Home exporters. The uncertainty experiment is deliberately “clean.” On impact, agents
learn that future tariff realizations are more dispersed, but the tariff level remains unchanged. We
model tariff uncertainty as stochastic volatility in the export tariff process. Let 7, = log T} denote

the log export tariff and let o7 denote its volatility state. We assume

Tt = PrTe—1 + 0_—T60.T’z_157',t7 (16)

oTt = PoO0Tt—1 + No€oits (17)
with E[e; ;] = Eley¢] = 0 and unit variances. Productivity and the UIP wedge follow

a; = log Ay = paai—1 + oacay,

Y = pyPr—1 + oyEy - (18)

Assumption 1 (Innovation regularity). The innovations {er¢, €0, €A, €y ¢ }e>0 are mutually in-
dependent across shocks and i.i.d. over time with mean zero and unit variance. We also assume
symmetry (e.g. Gaussian shocks), so that third-order Jensen terms depend on conditional variances

but not on conditional skewness.

The key timing for our uncertainty experiment is that the volatility state o7, is known at time ¢

and governs the conditional variance of the next tariff innovation:
Var(1e41) = 62€%7T, (19)

Because the NKPC and UIP blocks are forward-looking, changes in (19) affect time-t allocations

even when the tariff level is unchanged.

Definition 1 (Tariff-uncertainty (volatility) shock). The tariff uncertainty shock is the experiment
where e,0 = 1, €54 = 0 for ¢ > 1, and all other innovations are set to zero. Starting from o7 _; = 0,

this implies o7; = ptn, for t > 0 while the tariff level stays at 7, = 0.

Lemma 2 (Volatility enters through conditional variances). Under Assumption 1 and the tariff-
volatility experiment in Definition 1, the volatility state ory affects equilibrium (up to third order)
only through conditional second moments of next-period tariff innovations, i.e. through objects

proportional to Vary(ryy1) = 62277,



Sketch. Under the volatility experiment (¢,; = 0), the volatility state appears only in the scale
of the next tariff innovation in (16), through the factor ,e?7t. Since the forward-looking blocks
(UIP and the Rotemberg NKPC) take expectations of nonlinear functions of next-period objects, a
third-order expansion replaces those nonlinear expectations by (i) the expectation of the underlying
linear term, and (ii) a Jensen correction proportional to conditional variance. Under symmetric
innovations (Assumption 1), third-order terms linked to conditional skewness drop out, so only

conditional variances remain. O

We characterize uncertainty shocks using a third-order perturbation expansion around the
deterministic steady state. Throughout, O(k) denotes terms of order k or higher in that expansion.
Under the volatility experiment, the shock affects equilibrium only through conditional variances and
related Jensen terms, as in Benigno, Benigno and Nistico (2013) and the broader uncertainty-shock
literature (Basu and Bundick, 2017). This structure underlies both our closed-form third-order

responses in Section 3 and the spanning result in Section 4.

3 Tariff Uncertainty under a Taylor Rule

This section derives closed-form third-order impulse responses to a tariff-volatility shock when
monetary policy follows a Taylor rule. This greatly facilitates the illustration of transmission
mechanisms: which wedges move, which relative prices move, and when output rises versus falls. For
exposition, we treat the import tariff Tr; as constant and focus on uncertainty in the export tariff
Ty. Making Tr, time-varying affects only the static block (and therefore the coefficient objects) but
does not change the logic of the two-equation reduction in Lemma 1.

Under complete markets, Lemma 1 implies that the equilibrium under a Taylor rule is pinned
down by producer-price inflation and the terms of trade; output, exports, and the policy rate are
recovered from static relationships and the policy rule. To compute the economy’s responses to
tariff uncertainty, we take this eract two-equation system and expand it around the deterministic
steady state. A pure volatility innovation leaves the tariff level unchanged and raises only the
conditional variances. Thus, its leading effects are third order: volatility matters only through
Jensen corrections in the nonlinear expectation terms of the NKPC and asset-pricing conditions.
These corrections can be collected into two endogenous wedges, one in the pricing block (an “NKPC
uncertainty wedge”) and the other in the asset-market block (an “asset-market/Jensen wedge”).
Online Appendix C provides the coefficient-matching details underlying the closed forms reported

below.

3.1 Closed-form uncertainty coefficients

The goal is to obtain closed-form impulse responses to a tariff-volatility shock under the Taylor
rule. The solution proceeds in three steps: (i) rewrite the complete-markets equilibrium as an exact

nonlinear system in logs, (ii) expand that system around the deterministic steady state to identify

10



the perturbation coefficients needed at each order, and (iii) solve a 2 x 2 linear system for the
uncertainty coefficients. We summarize below the key objects and the result, and report the full

coefficient-matching algebra in Online Appendix C.

Step 1: Exact log representation. Let 1 = logIly, ¢ = log Qt, y: = log(¥;/Y), and define

e—1
K

: (20)

Kme

Under complete markets, risk sharing ties the stochastic discount factor to the terms of trade (see

Lemma 1). In logs, the minimal system becomes

(€7 = 1)e™ = fipne (et TPy (TR0 1) 4 BBy [(™+1 — 1)e™+ Qy44], (21)
1 = exp(¢rm + dyyr + ) Ee[exp( — (@1 — @) — me1) ] (22)

where Q411 = exp((yHl — )+ (g0 — qt+1)) is the NKPC discounting term under risk sharing, and
at = log As.

Step 2: Perturbation expansion. Under complete markets, the static block provides a smooth
map y; = y(m, ¢, 1), where 7, = log T}, with first-order derivatives 6, = dy/dq|ss > 0 and
0 = —0y/07|ss > 0. In closed form (Online Appendix C.1),

1 1
9q:(1—a)[a+a<fy—a>]—l—a% 0, = ay.

The perturbation objects naturally separate into (i) tariff-level exposures and (ii) volatility wedges.

Along deterministic tariff paths with no innovations, equilibrium decision rules admit the expansion
_ 1 2 3 _ 1 2 3
Tt = A7r7_t + §B7‘l’7_t + O(Tt )7 qt = Ath + §Bth + O(Tt )? (23)

where (A, A,) are first-order tariff-exposure coefficients and (B, B,) capture curvature in the tariff
level.

By contrast, the volatility experiment in Definition 1 changes only the conditional distribution
of 7441. Since the reduced complete-markets equilibrium has exactly two forward-looking nonlinear
equations (21)—(22), tariff uncertainty enters only through Jensen corrections in these two expecta-
tions. Taking logs of the asset-pricing condition and expanding the log-expectation term yields the

familiar first-order UIP restriction plus an additive uncertainty wedge:

(Grmt + Gyyr +1t) = Et[(qr1 — @) + 1] + AV + 0(4), (24)

where AVIP collects the baseline-subtracted conditional second-moment terms induced by the
log-expectation in (22) (a negative variance component plus a curvature component). We retain

the superscript “UIP” because this wedge shifts the linearized UIP relation, even though the

11



underlying nonlinear closure is Euler-consistent. Similarly, expanding the nonlinear NKPC produces

the standard log-linear NKPC plus an additive pricing wedge:
T = Kme (@ + oy — (L+ @)ar) + BE[ms] + AV + 0(4), (25)

where AN collects the baseline-subtracted conditional second-moment terms generated by the
expectation in (21). Under the volatility experiment, both wedges are proportional to the volatility
state at third order,

ANE = uNE o+ O(4), AVIE = yUIP ot + O(4),

so the pair (uN K uip ) are sufficient statistics for the uncertainty impulse response.

We therefore define the third-order uncertainty coefficients (xx, xq) by

T =T+ Xrort + O(4), @ =q+xqors+O(4), (26)

2

where (7,q) = O(dz) are second-order stochastic-mean shifts. Under the volatility experiment in

Definition 1, the impulse responses of the two forward-looking variables are geometric:

ATy =Xz ooy Aq = XqpoNe,  t>0, (27)

with impact effects Amg = nyx» and Agy = 77an-5

Step 3: Coefficient matching via a common 2 x 2 template. A key simplification is that
all three coefficient layers solve a 2 x 2 linear system with the same matrix, evaluated at different
persistence parameters. Define

1—06p —kK -
M(p) = = Kme 0,),
(p) (qb,rp ¢y9q+1p>’ F = fme(1 4 ¢bq) (28)

where £, is given in (20). At first order, (Ar, Aq) solve M(p;)x = bM; at second order, (B, By)
solve M(p2)x = b(®); at the volatility order, (xx, xq) solve

ulNE B +3A%2 + 24,5
M(pcr) X = = 63 g ( 1) ) (29)
Xq uVIP (Br + By) — (Ar + A,)?
where s; = (6, —1)A; — 6,. When det M(p,) # 0, this system admits a unique closed-form solution.
The right-hand side of (29) depends on the lower-order tariff coefficients (Ax, Aq, By, By), which

themselves solve the same template at the appropriate persistence; explicit expressions for all layers

are recorded in Online Appendix C.

5The notations for the uncertainty coefficients, (x=,Xq), are not related to the preference parameter x in the
household utility (4).
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We now state the closed-form coefficient layers and the implied impulse responses. Section 3.2

then interprets the economic content of the two wedges on the right-hand side of (29).

Proposition 1 (Closed-form uncertainty responses under a Taylor rule). Under complete markets, a
tariff-volatility innovation is fully characterized by three coefficient layers: first-order tariff-exposure
coefficients (Ax, Ay), second-order tariff-curvature coefficients (B, By), and third-order uncertainty
coefficients (Xr, Xxq). Once these are known, all equilibrium impulse responses follow in closed form.

Formally, maintain PCP and complete international asset markets as in Lemma 1, impose the
PPI-based Taylor rule (14), and suppose det M(p) # 0 for p € {pr, p2, po }.°

First- and second-order tariff coefficients. The first-order coefficients (Ar, Aq) in (23) solve
M(p,)x = bV, and the second-order curvature coefficients (B, By) solve M(p2)x = b3 where the
forcing vectors depend on static-block derivatives, tariff persistence, and the first-order coefficients.

All expressions are available in closed form by Cramer’s rule and are reported in Online Appendix C.

Third-order uncertainty coefficients and geometric IRFs. Let (u™5 uVIP) denote the
NKPC pricing-wedge loading and the asset-market uncertainty-wedge loading defined in (25) and
(24), respectively (equivalently, the right-hand side of (29)). Then

uNK(¢y9q +1—p,) + FuVIP

X = det M(po) ’
_ (1 - ﬁpo)uUIP - (¢7r - pa)uNK
Xa = det M(p,) ’

A fully substituted representation in primitive parameters only (eliminating Ax, Ay, Bx, By) is
reported in Online Appendixz C./. /.
Implied IRFs for remaining variables (Figure 3). Let 7y = log(R;/R) and let e; = log &
denote the log nominal exchange rate (Home currency per unit Foreign currency), with constant

Foreign prices so that e, — e;—1 = (¢t — q—1) + 7. Then the third-order impulse responses implied
by (27) satisfy

Ay =0, Age + O(4),
Alog Oy = v Ag + O(4),
ATy = ¢r Ay + ¢y Ay, + O(4),
Ales —e—1) = Am + (Ag — Age1), Ag—1 = 0.

3.2 Anatomy of the uncertainty wedges

Equation (29) makes clear that a volatility innovation enters the reduced system only through the

two wedge loadings (uN K UIP ), one per forward-looking equation. We now unpack these wedges

SEquivalently, the 2 x 2 coefficient-matching systems at each perturbation order are invertible.
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directly: what determines their magnitude and sign before they are propagated through the 2 x 2
system?
The NKPC wedge is
WK = 852 (3A2 + 2Axs1 + Br) |

which consists of three components with distinct economic roles. Here A is the first-order exposure
of inflation to a deterministic tariff-level change and B is the curvature of that exposure (as in
(23)). The term s1 = (64 — 1)Ay — 07 is the first-order loading of the NKPC discounting kernel €14
in (21) on the tariff state.

The first term 3352 A2 is a pure convexity term from Rotemberg pricing: because price adjustment
costs are convex in inflation, mean-preserving inflation risk raises expected pricing costs, so this
contribution is always weakly positive. The term 2352A,s; is an inflation—discounting covariance
term that reflects how the NKPC discounting kernel ;41 weights inflation across tariff states. The
term ($62B, is a curvature term inherited from the nonlinear deterministic response (7). With
these three terms together, the sign of the net wedge determines the direction of pricing pressure:
uVE > 0 adds inflationary pressure to the NKPC while uN* < 0 adds deflationary pressure.

The asset-market wedge
WP =52 [(Br + By) — (Ar + Ay)?]

has two pieces. The first, —52(A, + Aq)z, is the variance component implied by the Euler-consistent
inverse-return pricing object in (22): at first order, next-period depreciation (g+1 — ¢¢) + m¢+1 loads
on (Ar+Ag)Ti4+1, so higher tariff risk mechanically lowers this component through Jensen’s inequality.
The second, 62(By + By), is a curvature correction inherited from the second-order tariff-level
mappings in (23); it is negative when depreciation is locally concave in tariffs and positive when it

Uip

is locally convex. Overall, u summarizes the net asset-market wedge in the complete-markets

Euler closure: uYF > 0 pushes the economy toward a real depreciation while uY/" < 0 pushes
toward a real appreciation (in the standard parameter region where det M(p,) > 0).”
Figure 1 maps this decomposition to the calibration space. In the plotted ranges, the convexity

NE s positive while the covariance and curvature pieces are negative and dominate,

UIP

piece of u
so the net NKPC wedge is negative (figure 1, top row). For u (figure 1, bottom row), the
variance piece is mechanically negative under the Euler-consistent closure, and the curvature piece
is also negative near baseline, so the net asset-market wedge is unambiguously contractionary in the
baseline calibration. To understand why the covariance and curvature components take negative
signs near baseline, we next consider each in turn.

The covariance component 2352A, s in uN¥ reflects that the NKPC does not take a simple

average of future inflation across tariff states: the expectation in the pricing block weights them by

NK

"To see this formally, set u™* = 0 in (29). The first row pins down y. =

(1—Bpo)u”’P
det M(po)

in our convention, the sign of the single-channel asset-market response coincides with the sign of u
det M(p,) > 0.

ﬁ Xq, and substituting into the
. Since 1 — Bpo > 0 and a rise in ¢ = logQ: is a real depreciation
UIp

asset-pricing row yields x, =

whenever
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the discounting kernel (2;1. When the inflationary tariff states are precisely the states in which
Q41 is low (for example because tariffs depress activity and export growth), firms put less weight
on those inflationary outcomes when setting prices today. This composition effect makes tariff risk
act like an additional deflationary pricing wedge.

UIP ¢ome from the fact that

The curvature components 362B; in v ¥ and 62(B, + B,) in u
the equilibrium responses 7(7) and ¢(7)—and hence their sum 7(7) + ¢(7), which governs log
nominal depreciation inside the asset-pricing expectation—are not linear in the tariff level. When
these mappings are locally concave, more tariff risk (while holding the mean tariff fixed) lowers
average inflation and average depreciation by Jensen’s inequality, so the curvature terms enter with
a negative sign.

Two general-equilibrium forces push toward concavity. First, an export tariff erodes the export
base: as T rises, exports fall, so the tariff bites on a smaller quantity and the marginal effect of further
tariff increases on market clearing and marginal costs shrinks, making the economy effectively less
exposed at the margin. Second, Rotemberg adjustment costs and Taylor-rule stabilization dampen
incremental movements in inflation as the distortion grows; because (m, ¢) are jointly determined by
the NKPC and asset-pricing blocks, this dampening also bends the ¢(7) mapping and, through it,
the (1) + q(7) composite. In the baseline calibration, these forces produce B, < 0 and B+ B, < 0,

and Figure 1 confirms that both curvature components remain negative across the plotted parameter

ranges.
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Figure 1: Decomposition of the NKPC and asset-market uncertainty wedges.

Notes: Top row: the NKPC wedge vV X (solid blue) and its three components—Rotemberg convexity 38A252 (dashed
green), inflation—-SDF covariance 28A s 52 (dash-dotted orange), and curvature BB (dotted purple)—as a function

of openness «, nominal rigidity x, and the Taylor inflation coefficient ¢.. Bottom row: the asset-market wedge u

UIlp

(solid red) and its two components—the inverse-return variance term —(A, + A,)?52 (dashed pink) and curvature
(B, 4 B,)2 (dotted brown). Vertical lines mark the baseline calibration. All other parameters are held at their

baseline values.
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Figure 2: Sensitivity of the NKPC and asset-market uncertainty wedges to structural parameters.

Notes: Each panel varies one parameter while holding the others at the baseline calibration in Table A.1 (vertical
line). The solid blue line plots the NKPC wedge uM ¥ the dashed red line plots the asset-market wedge uV¥. Both
are the wedge loadings from (29), which multiply the volatility state o7+ in the uncertainty-coefficient system.

UIP jointly across six key

Figure 2 extends this analysis by plotting the sensitivity of «’V% and u
parameters. In the plotted ranges around the baseline, both wedges are negative over most values.
This pattern is consistent with the baseline deflationary response, but it is not sufficient on its own:
by (29), the sign of outcomes also depends on the propagation matrix M(p,)~!. Trade exposure
(v, y) amplifies both wedges in these sweeps, because higher openness and trade elasticity increase
tariff exposures (Ar, Ay) that enter the Jensen terms. Nominal rigidity and labor-supply curvature
reshape relative wedge importance rather than scaling both uniformly: in the plotted calibration

UIP| while

range, higher x (more rigid prices in Rotemberg models) reduces |u’V*| and increases |u
higher ¢ attenuates both wedges.
Taylor-rule coefficients are also quantitatively important. In the plotted range, lower ¢, and

UIP|  Mechanically, policy

higher ¢, are associated with larger wedge magnitudes, especially |u
parameters enter the lower-order systems for (A, A;) and (By, By), so they alter both variance and
curvature components before the final propagation through M(p,)~!. The equilibrium outcomes
(Xxs Xq) therefore reflect two layers: variation in wedge loadings and variation in the propagation

matrix M(p,)~!.

3.3 Transmission mechanism at baseline

We now trace how the two wedges propagate through the full system. Figure 3 plots the baseline
impulse responses under the PPI-based Taylor rule. All responses are driven by the two uncertainty
wedges (uV5, uYIP) defined in (25) and (24). The output response is not sign-restricted: it depends

on how these wedges translate into the terms of trade under the policy rule.
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Figure 3: Tariff uncertainty mechanism under the PPI-based Taylor rule.

Notes: The figure plots third-order impulse responses to a one-standard-deviation innovation in tariff volatility at
t = 0 (Definition 1), with all other shocks shut down, using the baseline calibration in Table A.1. Solid lines are
the closed-form predictions; circle markers are the simulated Dynare responses (order 3). The volatility innovation
generates two higher-order wedges: an asset-market/Jensen wedge in the asset-market block and an NKPC uncertainty
wedge in the pricing block. In the baseline calibration both wedge loadings are negative and, under the Taylor rule,
contribute to PPI deflation and monetary easing, but they push relative prices in different directions; the output and
trade responses reflect the net effect.

The key object is the terms of trade, ¢;. Under PCP, the static block implies Alog X; =
vAg + O(4) and Ay, = 0, Agy + O(4) with 6, > 0, so the real-side response is governed by the sign
of Ag;. The closed-form solution in Proposition 1 implies

(1= Bpo)u™ — (¢r — po)u™

Xq = D, , D, = det M(p,).

This expression isolates how policy loads the two wedges. When D, > 0 and ¢, > p,, a deflationary
NKPC wedge (u¥5 < 0) raises x, (a real depreciation), while a negative asset-market/Jensen wedge
(uYIP < 0) lowers x, (a real appreciation). The net sign is not restricted: it depends on the relative
magnitudes of the two wedges and on how the Taylor rule enters D,.

In the baseline calibration, both wedges are negative and the NKPC component dominates on
impact, so go > 0 and output rises even though the nominal exchange rate appreciates. The nominal
appreciation follows from Ae; = (¢ — qi—1) + 7 and the fact that PPI deflation is sizable on impact:
the jump in g; partially offsets myp < 0 at ¢t = 0, but as q; reverts, (q1 — qo) reinforces m; < 0, making
the depreciation temporarily more negative at ¢ = 1 before it converges back to steady state.

The result is “output up, inflation down” as seen in Figure 3. Online Appendix Figure I.1

reports the full set of model variables from the same closed-form solution.

3.4 Special cases

The baseline mechanism in Figure 3 combines the two uncertainty wedges, a policy rule, and

persistent dynamics all at once. To build intuitions for how each ingredient contributes, we isolate
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their independent impact one at a time, starting from the simplest case and adding complexity.
Figure 4 overlays the impulse responses for each special case against the baseline. Table 1 summarizes

the key formulas. Derivations are reported in Online Appendix C.4.3.

a. Isolating each channel (Corollary 1). The clearest way to understand the baseline response

is to ask: what would happen if only one of the two wedges was active?

Corollary 1 (Single-channel limits). If the NKPC uncertainty forcing is shut down (u™¥ =0),
then

K urp 1—Bps vyrp Xr K
Xn=—u"r oy =—V e —
" 9 D, Xq 1 - Bps

Dy
If the asset-market/Jensen forcing is shut down (uY'* =0), then

1 _Pa+¢y9quNK B

X7r - ) Xq - ¢7r — pUUNK: & - ¢ﬂ- — pg .
D, D, Xn 1—=ps+ ¢y9q

Moreover, if ¢r > po and uNE (k),uVIF (k) remain finite as k — 0%, with uYIF (k) — uVIP0 | then

the flexible-price limits are

lim Xﬁ:’K =0, lim XéVK =0,
K—07F k—07F
UIP,0
. . U ’
lim Xqupzo, lim ngpzi.
Kk—0+ k—0+ Or — Po

In the NKPC-only case (uY!f = 0, green dashed line in Figure 4), only the pricing wedge is
active. The NKPC uncertainty wedge shifts the Phillips curve and induces deflationary pressure
in our baseline calibration. Through the Taylor rule, this generates monetary easing and a
real depreciation, so terms of trade, exports, and output rise. Formally, the sign condition is
sign(xév Ky = sign(—(¢r — po)uN/D,), so the direction is calibration-dependent; in the baseline it
is positive and matches the “output up, inflation down” pattern.

Figure 4 also reports a low-rigidity NKPC-only variant (cyan dashed), setting x = 4 while
keeping uVF = 0. Relative to the baseline NKPC-only path (k = 40), impact responses are much
smaller: output falls from about +0.19% to about +0.02%, and PPI deflation from about —0.19 pp
to about —0.02 pp. The key mechanism is attenuation, not sign reversal. Lower k (more flexible
prices in the Rotemberg setup) changes both the wedge loading ©™V% and the propagation matrix
through & = Kpme(1 + ¢d,) in (29). In the NKPC-only mapping, XéVK = —(¢r — po)u¥ /D, and
YK = (1 - py + ¢y0,)uNE /Dy, so for a given uV % a larger & raises D,, and shrinks both responses.
In our calibration, uN¥ itself also becomes small in magnitude as prices become more flexible
(Figure 2), reinforcing the attenuation. Corollary 1 gives the limiting benchmark: as k — 0%, the
NKPC-only channel vanishes, while the asset-only channel delivers no terms-of-trade response and
a finite inflation limit.

In the asset-only case (uN* = 0, red dash-dotted line), only the asset-market wedge is active.
The Jensen correction enters the Euler-consistent asset-pricing condition as a risk-premium-type

disturbance. In the baseline calibration this implies nominal appreciation and lower terms of trade, so

18



output and exports contract. PPI inflation still falls because the terms-of-trade movement feeds into
marginal cost, and the policy rate falls. Again, the sign is disciplined by XqU[ P = (1= Bps)uV?P | D,:
in the baseline it is negative, opposite to the NKPC-only channel.

Figure 4 now also reports a low-rigidity asset-only variant (brown dotted), setting k = 4 with
uNE = 0. Relative to baseline asset-only dynamics (k = 40), terms-of-trade and real responses
collapse toward zero (output from about —0.14% to about —0.01%; terms of trade from about
—0.14% to about —0.01%), while inflation remains nonzero though smaller in magnitude (about
—0.52 pp to about —0.38 pp). This is exactly the flexible-price limit in Corollary 1: as k — 0T,

XEIHP — 0 but xYI* converges to a finite object pinned by the asset-market wedge and policy

feedback.
In our calibration, the NKPC channel dominates on the real side (the output response of +0.19%
under the NKPC-only case versus —0.14% under the asset-only case), and output and exports rise.

On the nominal side, the two channels reinforce each other, resulting in a sizable deflation.

b. Removing persistence (Corollary 2).
Corollary 2 (Transitory volatility state: p, = 0). Under Proposition 1, if p, = 0 then

UNK(l + ¢y6q) + EUUIP - uUIP o QZ)W’LLNK
L+ dyly) + Rbw 07 (1 + byby) + fbn”

Xr =

Uncertainty effects are impact-only: Amy = NgXr, Ago = NeXq, and Amy = Agy =0 fort > 1.

When the volatility state has no persistence, agents know that the tariff variance returns to
its unconditional level after the impact period. Consistent with Corollary 2, Am; = Ag; = 0 for
t > 1, so all variables that are contemporaneous functions of (7, q;) are impact-only (orange line
in Figure 4). Variables with lagged terms-of-trade components (such as the depreciation rate
Ae; = (gt — q—1) + m) can still display a one-period mechanical echo at ¢ = 1 through —qp. Relative
to the baseline, persistence is quantitatively central: in our calibration, impact output is about
+0.05% with persistent volatility but about —0.12% when p, = 0, because the two impact channels

offset differently once all future-state propagation is shut down.

c. Shutting down output-gap feedback (Corollary 3).

Corollary 3 (Pure inflation Taylor rule: ¢, = 0). Under Proposition 1, suppose policy responds
only to PPI inflation, so ¢ > 0 and ¢, = 0. Then

(1 — pG)UNK + rulIP (1 — BPJ)UU}P — (¢7r - pa)uNK

X = (1 - /BPU)(l - pa) + ’%((Z)Tr - pa)7 Xq B (1 - /Bpo)<1 - PU) + f%((ﬁw - /00) .

Removing output-gap feedback changes the propagation matrix and therefore the mapping from

wedges to outcomes. In our baseline calibration this weakens the real-side responses (purple dotted
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Figure 4: Impulse responses under special cases.

Notes: Each panel overlays the closed-form third-order impulse responses to a one-standard-deviation tariff-volatility
innovation (Definition 1) under the baseline calibration and special-case variants. Legend order is: baseline, NKPC-only,
asset-only, NKPC-only low-, asset-only low-x, ¢y, = 0, and p, = 0. “NKPC only” shuts down the asset-market/Jensen
forcing (uV!F = 0); “asset only” shuts down the NKPC forcing (u™¥* = 0); “p, = 0” removes volatility persistence;
“¢y, = 0”7 removes output-gap feedback from the Taylor rule. The additional lines “NKPC only, low x” and “asset only,
low k7 apply the respective single-channel cases at x = 4 (more flexible prices). Distinct marker symbols are used to
improve readability when lines overlap. All responses are percent deviations from steady state.
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line in Figure 4): with ¢, = 0, the policy rate reacts only to inflation, which dampens the induced

terms-of-trade movement relative to the baseline rule and reduces output/export responses.

Table 1: Special-case map for uncertainty transmission under a Taylor rule

Case

Closed-form implication

Economic takeaway

uNE =0 or WVIP =0

WP =0, k=4

uWVE =0, k=
po =10
(f>y:0

Channel-specific slopes x/xq or

Xq/ X~ in closed form

NKPC-only mapping evaluated at

lower Rotemberg cost

Asset-only mapping evaluated at

lower Rotemberg cost

Impact-only responses
(Amy =Ag =0fort>1)

Denominator simplifies to
(1 - 590)(1 - po) + '%((bw - po)

Under baseline signs, the NKPC
channel implies real depreciation
and expansion, while the
asset-market channel implies
appreciation and contraction.
More flexible prices strongly
attenuate the NKPC-only real
and inflation responses in the
baseline calibration.
Terms-of-trade and real responses
shrink toward zero, while
inflation remains nonzero (finite
flexible-price asset-only limit).
Eliminating persistence removes
geometric propagation; relative to
baseline, this materially
attenuates real responses and can
change the output sign.

In the baseline calibration,
removing output-gap feedback

weakens the real-side response.

Notes: Summary of Corollaries 1, 2, and 3. Here v™V¥ is the NKPC uncertainty forcing and u

market/Jensen forcing from Proposition 1.

3.5 Comparative statics

uip

is the asset-

The special cases above isolate individual ingredients by shutting them down one at a time. We
now vary parameters continuously to trace the full landscape of impact responses, reflecting both
changes in the wedge loadings (Section 3.2) and in the propagation matrix M(p,)~!. Figures 5-6
show the results.

Three patterns stand out. First, openness and trade elasticity («,) amplify both output and
inflation responses monotonically—a direct consequence of the wedge amplification documented
in Figure 2. Second, policy parameters (¢, ¢,) govern amplification and can flip the sign of

the output response, consistent with Corollary 3 and with the near-singularity behavior of the
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Figure 5: Comparative statics: impact responses to a tariff-uncertainty shock.

Notes: Each panel varies one parameter while holding the others at the baseline calibration in Table A.1 (vertical line).
Top two rows: period-0 response of output (blue); bottom two rows: period-0 response of PPI inflation (orange). Both
are percent deviations from steady state implied by the closed-form third-order solution in Proposition 1; the x axis is
on a log scale. Trade exposure («, ) amplifies both responses monotonically. Nominal rigidity x and labor-supply
curvature ¢ reshape (and can flip) the output response, while in these sweeps the inflation response is uniformly
negative but attenuates toward zero for large ¢ or . Policy feedback (¢, ¢y) generates large swings in both responses,
reflecting the dual role of these parameters in determining the wedge loadings and the general-equilibrium mapping.
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Figure 6: Comparative statics: impact responses across parameter pairs.

Notes: In each panel, the top heatmap reports the period-0 output response and the bottom heatmap reports the
period-0 PPI inflation response (both in percent deviations from steady state) from Proposition 1; the marker indicates
the baseline calibration in Table A.1. In panel (a), both output and inflation responses grow monotonically with
openness and trade elasticity; in the plotted range the inflation response is uniformly negative, driven by the NKPC
Jensen wedge. In panel (b), the output response can change sign (black contour), reflecting shifts in how policy maps
the NKPC and asset-market/Jensen wedges into equilibrium relative prices and spending. In this sweep the inflation
response is uniformly negative but its magnitude is highly sensitive to (¢r, ¢y): the deflation grows large near the
Taylor-principle boundary where det M(p,) is small, consistent with the amplification mechanism discussed in the
text.
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propagation matrix when det M(p,) becomes small. Third, nominal rigidity £ and labor-supply
curvature ¢ reshape the relative importance of the two wedges (Figure 2), generating hump-shaped
or sign-changing output responses even when inflation remains deflationary. Hence, the baseline
“output up, inflation down” result is one point in a parameter-dependent map; the sensitivity figures

make explicit where it persists and where it reverses.

4 A Two-Channel Spanning Result

Section 3 characterizes the primitive forces behind the impact of tariff uncertainty: two Jensen-
correction wedges whose magnitudes and signs depend on structural and policy parameters in
economically transparent ways. Those results describe what drives uncertainty effects—the nonlinear
expectation terms that shift the NKPC and the asset-market block. They do not, however, answer
a distinct and practically important question: what do uncertainty effects look like when viewed
through the lens of a standard linearized model?

This question matters because most policy institutions work with first-order DSGE models
populated by a handful of classical disturbances such as productivity shocks, markup shocks, risk-
premium shocks, and these models cannot capture uncertainty effects by construction. Knowing that
two wedges drive the mechanism (Section 3) does not by itself guarantee that two first-order shocks
can replicate the full equilibrium response across all endogenous variables and all horizons. Such a
representation requires that the decay structure of third-order uncertainty responses aligns with
first-order dynamics, and that the spanning weights are time-invariant—mneither of which follows
from the wedge characterization alone. Our next result establishes that both properties hold under
a common-persistence restriction in our model, yielding a closed-form link between the higher-order

uncertainty mechanism and first-order impulse responses.

Assumption 2 (Common persistence). All exogenous processes are AR(1) with a common persis-
tence p € (0,1); in particular, p; = ps = pa = py = p in (16)—(18). When persistence differs across

shocks, a representation like (30) typically requires time-varying weights.

Proposition 2 (Two-channel decomposition). Consider the volatility experiment in Definition 1
under complete markets and the Taylor rule (14). Let IRF}"(x) denote the third-order impulse
response of any endogenous variable x; (relative to the baseline with e,9 = 0). Let IRFE™4(z)
and IRF?(QU) denote the first-order impulse responses to one-standard-deviation innovations in
productivity and the UIP wedge 1, respectively.

Under Assumption 2, there exist constants (Aa, Ay) such that for every horizon t > 0,
IRFI™(z) = Aa IRFY™(2) + Ay IRFY (z) + O(4). (30)

Moreover, the weights are time-invariant and can be computed in closed form from impact responses
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in the linearized system. Let
oPred = (IRFS™d(m), IRFY™(q)) T, ¥ = (IRF} (r), IRF} (¢))

denote the impact responses of (m,q) in the linearized (first-order) system. Matching impact

responses of (7, qr) pins down the spanning weights by the 2 X 2 system

UE rod 7}71{'} Aa NoXm
Prod P = ’ (31)
Vg vg ) \ Ay NoXq

enever aet |v v 1.€. e two 0asts SNOoCKs move (T wm Ltnear maepenaen 1rec-
Wh det [vFrod v¥] £ 0 (i.e. the two basis shock (71, 1) in linearly independent di

tions), solving (31) yields

Fxq — (1= Bp)xx
)\ = 1o 9
A= O ACq

A — —(¢y9q +1- P)Xq - (Qbﬂ' - p)Xw
1/1 - 770' Uw Y

(32)

where k= kme(1 + pby) is as in Proposition 1, ¢, = kme(1 + ) is the coefficient on productivity
in the linearized NKPC, and (04,0y) are the innovation scales in (16)—(18). In the quantitative

illustrations we normalize 04 = oy = 0.01 (1% innovations).

Figure 7 confirms Proposition 2 visually. Once persistence is aligned, the two-shock span lies
essentially on top of the uncertainty impulse responses across all variables and horizons. No single
first-order shock can replicate the uncertainty fingerprint: a productivity shock alone matches the
real side but cannot reproduce the inflation and terms-of-trade responses, because tariff uncertainty
moves the economy along two linearly independent directions simultaneously.

The spanning result offers two advantages beyond the wedge characterization. First, it converts
a higher-order phenomenon into the language of classical first-order shocks; the two-dimensional
structure is genuinely necessary, as no single first-order shock can replicate the joint sign pattern
(Table 2). Second, it suggests a practical approach for approximating uncertainty effects in first-order
models: simulate the two basis shocks and combine the resulting impulse responses using the constant
weights (A, Ay). The accuracy of this approximation in richer models is an open question. In the
baseline calibration, the estimated weights are Ay ~ 0.33 and Ay, ~ 0.55 (Table 2). Interpreted
literally, a one-standard-deviation tariff-volatility shock produces the same linear impulse responses
as simultaneously hitting the first-order system with a 0.33% productivity shock and a 0.55%
UIP-wedge shock (all with the same persistence), even though the primitive disturbance is purely a
change in conditional variance.

Table 2 reports the best one-shock approximation and the two-shock spanning fit in the baseline
calibration (Table A.1). To make the “best” single shock a meaningful benchmark for real and
nominal variables simultaneously, we evaluate fits using a sign-aware objective that weights each

variable equally (so a proxy that flips the sign of output or the terms of trade is penalized even if it
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Notes: The experiment is a one-standard-deviation volatility innovation at ¢ = 0 (Definition 1) under the baseline
calibration in Table A.1. The solid line plots the third-order uncertainty impulse responses; the dotted line plots the
best one-shock fit (productivity, under the balanced objective in the notes to Table 2); and the dashed line plots the
fitted constant-weight combination of two first-order basis shocks (productivity and a UIP wedge). All variables are
reported as percent deviations from the deterministic steady state (log points multiplied by 100). Imposing common

Figure 7: Two-channel spanning.

persistence by setting the basis-shock persistence to p = p, makes the fitted weights time-invariant.
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matches inflation). Under this criterion, productivity is the best single-shock proxy: it matches
the sign pattern of the uncertainty response but cannot match the joint magnitudes of inflation
and the terms of trade. Adding the UIP wedge delivers a two-shock fit that is exact up to the O(4)

remainder (and numerically indistinguishable from perfect fit in Table 2).

Table 2: How many first-order shocks are needed to match uncertainty IRFs?

Approximation  Classical shocks Spanning weights R?

Best 1-shock fit  Productivity Aq = 0.064 0.705
Two-shock span  Productivity + UIP wedge A = 0.334, Ay, = 0.553 1.000

Notes: The table uses the volatility experiment in Definition 1 under complete markets and the PPI-based Taylor
rule (14). For each candidate fit we choose weights to minimize squared error in stacked impulse responses of output,
consumption, PPI inflation, the terms of trade, exports, and the policy rate over horizons ¢ = 0,...,20, where
uncertainty IRFs are third order and basis IRFs are first order. We match IRFs in levels (not absolute values), and
weights are unrestricted (can be negative), so sign reversals contribute to squared error rather than being “fit away.”
Basis innovations are normalized to have 1% standard deviation, and we impose the common-persistence restriction by
setting pa = py = pr = po. To balance the comparison across variables, we normalize each variable’s IRF by its own
RMS magnitude under the uncertainty shock before stacking, so each variable contributes equally to the objective.
The reported R? is computed on this normalized stacked vector as R* =1 — SSE/SST.

Even though the spanning representation is exact up to the O(4) remainder under the common-
persistence restriction, the weights are not structural constants. Because (A4, Ay) solve the impact-
matching system (31), they depend both on the uncertainty coefficients (xr, xq)—which encode the
wedge magnitudes characterized in Section 3—and on the linearized general-equilibrium mapping
from the two basis shocks into (7, q;). Figure 8 shows that trade openness tends to scale up both
weights, while nominal rigidity and policy feedback reshape the relative importance of the two basis
directions. The sensitivity patterns parallel those of the underlying wedges (Figure 2), but the
weights also reflect how the first-order model translates each basis shock into (7, ¢), so the weight
comparative statics are not simply a rescaling of the wedge comparative statics.

The comparative statics are economically transparent. In the openness and trade-elasticity panels,
higher av and higher « amplify the underlying uncertainty wedges (as documented in Section 3.2)
and simultaneously make external relative prices more potent in the first-order model, so both Ay
and Ay rise. At very low openness the UIP /risk-premium direction carries most of the adjustment,
while at higher openness the supply (productivity-like) direction becomes relatively more important.

In the nominal-rigidity panel, as  rises (prices become more rigid), the Phillips-curve slope falls,
so inflation becomes less responsive to a given marginal-cost movement. Matching the deflationary
component of the uncertainty response therefore requires larger movements in marginal cost, which
tilts the spanning mixture toward the productivity (supply) basis shock: A4 rises sharply and
displays a hump shape. The UIP weight A, rises for moderate rigidity but falls at high &, reflecting
that exchange-rate movements alone cannot reproduce the inflation response when prices are very
rigid.

In the policy-aggressiveness panel, more aggressive inflation feedback in the Taylor rule reduces
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both spanning weights. Stronger stabilization shrinks the general-equilibrium mapping from wedges
into (7, q¢), so tariff uncertainty becomes closer to neutral in equilibrium and is equivalent to smaller

classical shocks.
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Figure 8: Sensitivity of spanning weights.

Notes: The figure reports the constant weights (Aa, Ay ) in Proposition 2 under the volatility experiment in Definition 1,
varying one parameter at a time around the baseline calibration in Table A.1 (vertical lines). Basis shocks are normalized
to 1% innovations, so weights are interpreted as percent-sized basis shocks (e.g. Ay = 0.30 means a 0.30% UIP-wedge
innovation), and persistence is set to p = p, to satisfy Assumption 2.

5 Ramsey Policy and Divine Coincidence for Uncertainty Shocks

Sections 3—4 deliver a positive characterization of tariff uncertainty under a Taylor rule: two
Jensen-correction wedges drive the mechanism (Section 3), and the resulting equilibrium responses
are spanned by two classical first-order shocks up to the O(4) remainder (Section 4). Both sets of
results take the interest-rate rule as given. We now turn to the natural normative question: what is
the optimal monetary policy response to tariff uncertainty, and do the sizable real effects documented
above reflect an inherent policy tradeoff or an artifact of the Taylor rule?

To state the Ramsey benchmark precisely, define the flexible-price benchmark allocation and the

associated gaps. Let {Yf Ot L} denote the allocation that would arise under flexible prices
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in the complete-markets economy for the same exogenous states. Define the (log) output gap as
9 = log(Y;/YET), and define 7, = log(Ily ) as (log) PPI inflation.

Proposition 3 (Ramsey policy under complete markets). Under complete international asset
markets and PCP, assume there is no cost-push wedge. Then Ramsey-optimal monetary policy is
strict PPI inflation targeting, Ilgy = 1 for all t (equivalently, 7, = 0). This implies a zero output
gap (the “divine coincidence”: stabilizing PPI inflation also stabilizes the welfare-relevant output
gap in this benchmark). Moreover, under the volatility experiment in Definition 1, the Ramsey
allocation is invariant to the volatility state in (17), so tariff uncertainty shocks do not move real
allocations (up to third order), though the implementing policy rate generally responds through the

asset-market/Jensen term.

Why does the divine coincidence extend to uncertainty shocks? The logic is straightforward
(Online Appendix I provides the formal proof). Under strict PPI targeting, IIy; = 1 eliminates
Rotemberg costs and pins marginal cost—and hence the output gap—at zero, state by state.®
Since the benchmark flexible-price allocation depends on exogenous levels (tariffs, productivity) but
not on the volatility state, the Ramsey allocation under strict PPI targeting is invariant to tariff
uncertainty. The policy rate still adjusts to satisfy the Euler-consistent asset-pricing relation in the
presence of Jensen terms, but PPI inflation and the output gap remain at zero.

Proposition 3 provides a sharp benchmark: in the complete-markets PCP economy, any sizable
real effects of tariff uncertainty under a Taylor rule are policy-induced—they reflect the interaction
between nonlinear expectations and a partial stabilization rule, not an inherent Ramsey tradeoff.
Tariff uncertainty affects welfare only through benchmark-allocation risk, which is independent of
policy.

Once we depart from the complete market assumption, under incomplete markets, the Euler
equation becomes an additional binding constraint and a precautionary-savings channel appears at
third order. In this case, strict PPI targeting need not remain Ramsey optimal (Online Appendix G);

the quantitative illustrations below focus on the complete-markets benchmark.

5.1 DPolicy Rules and Quantitative Illustrations

Proposition 3 turns the positive results into a quantitative question: how far do implementable
interest-rate rules move the economy away from the Ramsey benchmark? We illustrate with third-
order simulated impulse responses under the baseline calibration in Online Appendix Table A.1,
contrasting strict PPI targeting with PPI-based and CPI-based Taylor rules. We then use the closed-
form representation to decompose impact effects into their NKPC and asset-market uncertainty-wedge
components.

Figure 9 compares strict PPI targeting to PPI- and CPI-based Taylor rules under the tariff-

volatility experiment. Under strict PPI targeting, the volatility innovation is neutral for inflation

8In complete markets, risk sharing pins consumption to relative prices, so the welfare loss is locally increasing in
(¢, 9¢) alone and there is no independent Euler stabilization motive.
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and the output gap in the complete-markets economy. Under Taylor rules, the same mean-preserving
innovation moves inflation and relative prices through the two uncertainty wedges in (29), generating
non-trivial responses in quantities and trade flows. The Taylor-rule economy displays a characteristic
pattern: PPI deflation, monetary easing, and a real depreciation (a rise in the terms of trade @)
that raises exports and output. This expansion is driven by how Jensen terms in the NKPC and
the Euler-consistent asset-pricing block shift the equilibrium relationship between inflation, relative
prices, and the policy rate.

Figure 10 decomposes the transmission mechanism into the NKPC wedge and the asset-market
wedge. The decomposition exploits the linearity of the 2 x 2 system (29) in the forcing terms

UIP _  (

(uNE WUIP): we solve (29) twice—once setting u shutting down the asset-market/Jensen

wedge) and once setting uV% = 0 (shutting down the NKPC wedge)—to obtain counterfactual
uncertainty coefficients (V¥ Xév Ky and (\YIP, X(IIH 7). which we translate into impact responses
of output (yo = b4x4ns), PPI inflation (79 = xx7s), the terms of trade (g0 = x47s), and the

policy rate (19 = ¢rmo + ¢yyo) through the static block and the Taylor rule. Linearity guarantees

(Xm> Xq) = O+ XTIP X NE 4 xUIP

O(4) remainders.
In the baseline calibration, the NKPC wedge contributes about +0.19% to both the impact

terms-of-trade movement and output, while the asset-market wedge subtracts about —0.14%, leaving

), so the two sets of bars sum to the total (the dots), up to

a net impact increase of about +0.05%. For inflation and the policy rate, by contrast, the wedges
reinforce each other: together they generate a sizable deflation and policy easing on impact of the
shock. Economically, the NKPC wedge is a pricing-pressure disturbance: it shifts the Phillips curve
through discounted Rotemberg costs and, under the Taylor rule, induces monetary easing and a
real depreciation that raises competitiveness and output. The asset-market wedge is an external-
finance disturbance: it shifts the Euler-consistent asset-pricing restriction through conditional
second moments (a hedge-value component plus curvature), which in our baseline implies nominal
appreciation and an offsetting force toward a smaller real depreciation. Hence the two wedges
partially offset in the terms of trade and output but reinforce in inflation.

Figure 9 also compares a PPI-based Taylor rule to a CPI-based variant. Under PCP, CPI
inflation includes import-price inflation that moves with the exchange rate, so a CPI-based rule
implicitly responds to external relative prices. Formally, the two rules differ only in the inflation

concept inside the policy feedback:

R R
log Et = ¢r Tt + Py Yt Vs log ﬁt = n ot + Oy Yt

where m; = logIly, is PPI inflation and m¢; = log Il is CPI inflation. Under PCP and the CES
CPI aggregator, CPI inflation differs from PPI inflation only through the CPI-PPI wedge Gi:

Tor = T + Agr, gt =log Gy = agq + O(2),

so (to first order) the CPI-based rule adds an exchange-rate pass-through term proportional to
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changes in the terms of trade, ¢pAg; =~ ¢ra(q: — q—1). This single term drives all the differences
between the responses under the two Taylor rules in Figure 9 (blue line versus red line), and its sign
changes over time.

On impact (¢t = 0, with g_; = 0), the CPI-based rule internalizes the import-price component of
inflation and therefore changes the asset-pricing feedback through Ag;. In the updated baseline
simulation, it delivers milder deflation and a smaller policy-rate cut than the PPI-based rule (—0.91
vs. —1.05 pp), but the full equilibrium feedback implies a larger terms-of-trade response on impact
(40.067 vs. +0.049%) and hence a larger output expansion (+0.068 vs. +0.050%).

Because the CPI-based rule introduces the predetermined state ¢;_1, its responses are no longer
exact geometric decays in the volatility state. Quantitatively, this extra feedback makes the responses
more persistent: cumulative output and export responses over 20 quarters are about two-thirds
larger under the CPI-based rule in this calibration.

In short, the CPI-based rule inherits a terms-of-trade feedback through Ag; ~ a(q; — q1—1): it
responds not only to domestic pricing distortions but also to changes in external relative prices. On
impact this feedback tightens policy (import prices jump), but once the terms of trade starts to
unwind it pushes CPI inflation below PPI inflation (import prices fall), slowing the return of ¢ and

real activity toward steady state. The same feedback can generate short-run overshooting, as in
Figure 9.
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Figure 9: Transmission of tariff uncertainty shocks under different monetary policy rules.

Notes: The experiment is a one-standard-deviation volatility innovation at ¢ = 0 (Definition 1) under the baseline
calibration in Table A.1. Lines report third-order simulated impulse responses under strict PPI targeting (Ramsey
benchmark in Proposition 3), a PPI-based Taylor rule, and a CPI-based Taylor rule. The interest-rate panel reports
100 - log(R:/(1/B)). Depreciation is computed as the first difference of the log nominal exchange rate. All variables
are reported as percent deviations from steady state (log points multiplied by 100).

Online Appendix G extends the analysis to the exact bond-economy incomplete-markets baseline.
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Figure 10: Closed-form wedge decomposition at impact under the PPI-based Taylor rule (baseline
calibration).

Notes: The experiment is a one-standard-deviation volatility innovation at ¢ = 0 (Definition 1) under the baseline
calibration in Table A.1. Bars report the contribution of the NKPC uncertainty wedge (supply/marginal-cost
channel) and the asset-market/Jensen wedge (external/asset-market channel) to impact (period-0) responses. The
decomposition uses the linearity of the third-order system in wedge terms: we solve (29) twice—once shutting down
the asset-market/Jensen forcing and once shutting down the NKPC forcing—and then translate each solution into
impact responses via the static block and the Taylor rule. The marker reports the total response; up to O(4) terms,
the bars sum to the total. Units are percent deviations from steady state (log points multiplied by 100).

An additional Euler/Jensen (precautionary-savings) wedge becomes active at third order, enriching
the mechanism from two channels to three (Corollary GG.1). Under common persistence, the spanning
result generalizes by adding a discount-factor shock (Proposition (5.3); Online Appendix Figure G.1
provides an illustrative comparison. In the updated baseline comparison, complete markets with
strict PPI targeting remain neutral in real allocations, whereas incomplete markets with strict
PPI targeting already generate small but nonzero impact responses (about +0.0084% for output
and —0.0068% for consumption), and a Taylor rule amplifies the consumption and terms-of-trade

movements.

6 Conclusion

Tariff uncertainty is not a realized tariff. It is a change in how uncertain firms and households are
about future trade barriers. In our model, such pure uncertainty shocks have real and nominal
effects because key equilibrium conditions are forward-looking and nonlinear: higher dispersion
changes the certainty equivalent of nonlinear expectations (Jensen’s inequality). By construction,
the commonly-used first-order linearizations thus fail to capture this mechanism at higher order.
Our main contribution is to derive a tractable closed-form characterization in a canonical small
open economy New Keynesian model. Under complete markets and producer-currency pricing, the
equilibrium collapses exactly to two forward-looking equations, and a third-order perturbation of

this exact system yields analytical uncertainty responses that can be decomposed into two intuitive
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wedges: a pricing wedge in the NKPC and an external-finance wedge in the asset-market block.

Three key results follow. Tariff uncertainty can generate surprising qualitative patterns—output
and exports may rise even when inflation falls—mnot because tariffs are expected to fall, but because
the two wedges push relative prices in opposing directions and the net effect depends on trade
openness, price rigidity, and the policy rule. For practical policy applications, within our model
and under common persistence (Assumption 2), the uncertainty impulse response is spanned by a
constant-weight combination of two familiar first-order shocks up to the O(4) remainder, offering a
potential bridge to linear DSGE models that cannot account for uncertainty effects by construction.
Furthermore, the Ramsey benchmark is clean: strict PPI targeting remains optimal and the divine
coincidence extends to tariff uncertainty. This implies that any real effects of tariff uncertainty
under implementable Taylor rules are policy-induced departures from the flexible-price benchmark
allocation.

The online appendix shows that the analytical framework extends naturally to the exact bond-
economy incomplete-markets baseline, where an additional precautionary-savings channel enriches
the mechanism from two wedges to three and, under common persistence, the spanning result
generalizes by adding a discount-factor shock (up to the O(4) remainder). Strict PPI targeting
no longer fully neutralizes uncertainty in this richer setting, pointing to a stabilization trade-off
when international risk sharing is imperfect—but the core analytical structure carries over: the
exact bond-economy Euler block generates a third wedge, while the remaining static recovery and
constant-weight spanning logic remain intact. Whether the same toolkit can accommodate alternative
invoicing currencies, endogenous trade-policy dynamics, and richer asset-market structures remains

to be explored, and can be disciplined with data on exchange rates, inflation, and trade flows.
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A Full Nonlinear Equilibrium Conditions (Levels)

This appendix records a self-contained list of equilibrium conditions in levels implied by the primitives
in Section 2 of the main text—“the model in one place.” Most of the economic discussion works

with the exact reduced system in Section B.

Roadmap. Section A.l states the common equilibrium conditions in levels. Section A.2 then
records the international asset-market block: the exact Euler-consistent complete-markets closure
plus risk sharing, and the incomplete-markets bond-economy Euler system in which the domestic
Euler equation becomes non-redundant. These conditions are the starting point for the exact

reduction in Section B and the incomplete-markets extension in Section G.

A.1 Common block

Let Py, = cS}/Pl:'i’t denote the Home-currency price of the Foreign good. In the SOE limit, Foreign
variables (C7, P, Pp,, }) are exogenous. In the one-Foreign-good case used throughout, ;" = Py,
and the terms of trade is Q¢ = Pg, /Pt =EP[Puy.



The common equilibrium conditions are:

Y; = ALy, (A1
Ao=CrC, A2
t
W o
Et = XL{CY, (A.3)
Cri1\ 7
1= BRE, ( g 1) Hc,1t+1] , (A.4)
_ R RVICERY)
az[a—aﬂ§ﬂ+auhﬁﬁglq , (A.5)
P -
Crp=(1-0a) < ;“) Ct, (A.6)
t
TpPY N\ 7
@H—a<ﬂt“> C,, (A7)
) Pt
G =1 -a)+a(TrQ)', (A.8)
_ &b
Qt = PH’t ) (AQ)
Qt gt Pt* —1
= : I, A.10
Qtfl 51571 Pt*—l H,t ( )
G
Uy =py - a L, (A.11)
t—1
T\ 7
Cgtzcy(t> cy, (A.12)
’ Q¢
K
Y= Cuy+ Cppy+ 5 (Mg = 1)°Vi, (A.13)
MGy Wi/P
mcy = PH’t = Gt At y (A14)
Yii1 Ap1 G
k(py — Vg = (e — 1) (mep — 1) + BREy | Mgz gy — DI pgpqq —t 2L (A.15)
Yi AN G
R o (Vi)™
5= szt (Y/) . (A.16)

In (A.15), the stochastic discount factor term Ai+1/A: can be written as (Cpy1/Cy) ™7 using (A.2).

A.2 International asset markets: complete vs incomplete

Under complete markets, the exact nonlinear asset-pricing relation is

R, [ & ]
1= LV, || . A7
Ry & (A.17)



At first order, (A.17) implies the familiar log UIP restriction
ft — TA’;: + 'lpt == Et[AeHﬂ.

Add risk sharing:
c,7 9. P,
(C)= &by

(A.18)

Under the normalization (C}, P;") = constant, (A.18) implies the static consumption mapping (13)
and yields the two-equation minimal representation in Lemma B.1. Under incomplete markets,
(A.18) is dropped; consumption is determined by the Euler equation (A.4). In quantitative work we
use the bond-economy closure in Section F.2.1: the domestic Euler equation (F.21), the foreign-bond
Euler equation (F.22), and the external-budget law for bond holdings. Dividing the two Euler
equations yields first-order UIP with an endogenous premium, but there is no separate exact

nonlinear UIP equation in the bond economy.

A.3 Baseline Calibration

Table A.1 reports the baseline calibration used throughout the quantitative illustrations in the main

text and this appendix.

Table A.1: Baseline calibration

Parameter Description Value
I} Discount factor 0.99
o Risk aversion 2

© Inverse Frisch elasticity 1
«a Import share 0.30
0% Trade elasticity 1.5
€ Demand elasticity 10
K Rotemberg cost 40
Pr Export-tariff persistence 0.90
o, Export-tariff innovation scale 0.10
Po Volatility persistence 0.90
No Volatility innovation size log2 ~ 0.693
o Taylor rule: PPI inflation 1.50
by Taylor rule: output 0.50

Notes: This quarterly calibration is used for the illustrative figures and tables in the main text (Sections 3.5 and 5.1)
and throughout this appendix. The “tariff uncertainty shock” is a one-standard-deviation innovation to the volatility
state in (17) (Definition 1), holding tariff-level innovations at zero. With 1, = log2, that innovation doubles the
conditional standard deviation of next-period tariff innovations from 6, = 0.10 to 0.20; under complete markets,
leading uncertainty effects scale with 27, (up to O(4) terms).



B Minimal Nonlinear Representation (Complete Markets)

This appendix derives the minimal nonlinear representation used throughout the paper. Under
complete markets and PCP, the full SOE equilibrium collapses to a 2 x 2 forward-looking system

in producer-price inflation and the terms of trade, with all other variables recovered from a static

mapping.

Roadmap. Section B.1 states the starting point (the full system plus risk sharing) and the key
ingredients behind the reduction. Section B.2 derives the static block that expresses (Yz, mcy)
as functions of (Ilg,, @¢) and exogenous states. Section B.3 then proves Lemma B.1, giving the
exact two-equation nonlinear system. Section B.4 collects identities that recover all remaining
variables from (Ilg;, Q). Section B.5 provides first-order tariff level and news benchmarks used for

interpretation.

Endogenous variables, exogenous states, and shocks. In the complete-markets reduction,
the two forward-looking endogenous variables are (IIz 4, Q¢). The system is driven by exogenous
states (T'ry, T3, At, ¢r), where Ty is the Home import tariff, 7} is the Foreign tariff on Home
exports, A; is productivity, and v is an exogenous UIP wedge (risk-premium shifter). For the
uncertainty analysis, we additionally work with the log export-tariff state 7, = logT} and its
volatility state or; as in (16)—(17); shocks are the innovations e, (tariff), e, (volatility), e,

(productivity), and ey ¢ (UIP wedge).

B.1 Starting point: the full nonlinear system under complete markets

The complete-markets equilibrium is characterized by the common block of conditions in Section A
together with risk sharing (A.18). The reduction relies on three ingredients: (i) static demand and
price-index relations (which pin down G; and Cp; as functions of @); and tariffs), (ii) complete-
markets risk sharing (which pins down C; as a function of G¢/Q;), and (iii) the fact that the
Rotemberg NKPC depends on intertemporal terms only through the stochastic discount factor,

which simplifies under risk sharing.

B.2 Static block

Normalize (C}, P}, Ry) to constants, and consider the steady state where [l = Q = TF =T =
A =1 and ¥ = 0. Define the CES price-index object and CPI-PPI wedge

®r=(1-a)+a(TrQ) 7, Gy =,/ (B.1)

This follows by dividing the CPI price index (A.5) by Pg ¢ and using Q; = &P/ Pg ¢ with P = Ppy

in the one-Foreign-good case.



Under risk sharing (13), consumption satisfies Cy = (G¢/Q:) ™'/ so
C, = @;1/((1_7)0)62%/0. (B.2)
Let £ = (y—1/0)/(1 — ~). Domestic absorption of Home goods can be written as
Cre = (1 - a)25Q;"", (B.3)

obtained from the demand system implied by the CES aggregator (2) and the CPI (A.5): Cp; =
(1—a)(Pus/P) 7Cy = (1 — a)G] Cy, and substituting G; and Cy from (B.1)—(B.2).

Export demand (using the normalization C} =1 for notational simplicity) is

e L Qt 7
X =Ch,=a2t) . (B.4)
) Tt
Goods market clearing (A.13) implies
Ch:+ Xy

Y, = (B.5)

1= 5y — 1)

Finally, combining labor supply (A.3), production (A.1), and risk sharing gives the PPI-based real
marginal cost mapping
mer = x Q¢ Y;“’A;(HW), (B.6)

To see (B.6), start from the definition mc; = MCy/Py; = G(Wi/P;)/A; and use labor supply
(A.3) with L; = Y;/A; to obtain me, = x G CY YfAt_(IW). Under risk sharing (13), Cf = Q+/Gy,
implying (B.6).

B.3 Two structural equations

Lemma B.1 (Exact minimal nonlinear system under complete markets). Under complete markets

and PCP, the equilibrium dynamics are pinned down by the following two equations in (g, Qt):

Y,
k(Mg — DIy, = (e — 1)(me; — 1) + BrE, [(Hm+1 — 1)HH¢+1§/—+1 Qr , (B.7)
t Qt—i—l
VAL Q:
1 =119 <> V'R { , B.8
HE\Y Qs (B8)

where (Yz, me;) are given by (B.5)—~(B.6) as functions of Huy, Qr, Try, T}, Ar).

Intuition. Complete markets eliminate an independent intertemporal margin for Home consump-
tion: risk sharing ties the stochastic discount factor to the terms of trade. As a result, the only
dynamic equilibrium restrictions are the price-setting block (the Rotemberg NKPC) and the asset-

market block (Taylor rule combined with the Euler-consistent asset-pricing relation in terms of the



terms of trade). Everything else—output, marginal cost, absorption and exports—is recovered from
a static block. This two-equation reduction is what makes closed-form uncertainty characterizations

possible in the main text.
Derivation of (B.7). Start from the nonlinear NKPC in levels (A.15). Under complete markets,
risk sharing implies
< G, > G _ Q
Civ1) Girr Quyt’

so the stochastic discount factor term in (A.15) collapses to Q;/Q+1, delivering (B.7).

Derivation of (B.8). Combine the Taylor rule (A.16) with the Euler-consistent asset-pricing
relation (A.17) and the definition of the terms of trade Q; = &F;" /Py . Under constant Foreign
prices (P = P;), the nominal inverse depreciation satisfies & /&1 = Q¢/(Qi41¢41), so (A.17)

Y ¢y
1=H?}”t<t> etht[Qt},
Y Qe p 141

Remark B.1 (Fully substituted form). For analytical work it is convenient to substitute out the
static block. Define

implies

which is (B.8).

Zi=(1-a)®Q) +a <%>V (B.9)

ADJ, =1 - g(HH,t 1) (B.10)

so that Y; = Z;/ADJ; and me; = XQtA;(H@)(Zt/ADJt)*D. Substituting into (B.7)—(B.8) yields a

closed system in (Il ;, Q¢) and exogenous states.

—(1+) Zy \*
k(g — Dy = (e — 1) | xQi 4, ADJ,) ~ 1
Ziy1 ADJy Q1 ]

(B.11)

Ee |(Mpp41 — I ' ‘ '
+ Bk t|:( a1 — DI Zy  ADJiy1 Qi

Zy \% Q
1=T11%" ( = > eV'E { . B.12
#1\Y ADJ, Qe (B.12)

B.4 Recovering Other Variables from the Minimal System

This subsection records identities and static mappings that recover the remaining variables from

(ITa, Qr)-



B.4.1 Prices, inflation, terms of trade, and the exchange rate

Let pr: =log Pry¢, es = log &, and pf = log P;. Then (A.9) implies
g =logQr = et +p; — pH . (B.13)
Producer-price inflation satisfies
m =loglys = put — PH-1- (B.14)
Combining (B.13)—(B.14) yields the exact law of motion in (A.10) written in logs:
Aer= (¢ — q—1) + T+ () —pi1), Der=er—e1. (B.15)
Under constant Foreign prices (p; = p*), (B.15) reduces to Ae; = (¢ — ¢t—1) + 7.

B.4.2 CPI inflation and the CPI-PPI wedge
Define Gy = P,/Pg,; and g = log G;. Then (A.11) implies the identity

Gy
Gi—1

gy =gy - — e =Tt + (9t — gi-1), (B.16)

where mc; = logIlc,. In the one-Foreign-good case, the CPI-PPI wedge in (A.8) can be written as

B B 1
th T=(1-a)+a(TrQ)' 7 = @y, 9 =7

log ®;. (B.17)

B.4.3 Consumption (risk sharing) and demand components

Under complete markets, risk sharing (A.18) pins down consumption as Cy = (G/ Qt)*l/ 7. In log

deviations,

¢t = log(Cy/C) = é(qt - qt). (B.18)

Home absorption of Home goods and export demand follow from the CES demand system (A.6)
and (A.12):

P\
Cre=(1—a) (gt) Cr = (1-a)GC,, (B.19)
T\ 7 Y
X =Ch; =« <Qtt> Ci =a <§%:> (with C} = 1). (B.20)
t



Goods market clearing (A.13) implies Y; = (Cy s + X;)/ADJ; with ADJ; in (B.10). Equivalently,
defining Z; as in (B.9) gives Y; = Z;/ADJ;. Marginal cost (in PPI units) can be written as

_ Z \?
mep = x QA; 1) <ADtJt> ’ (B.21)

as in Remark B.1.

B.4.4 First-order log-linear mappings

For first-order impulse responses, it is convenient to work in logs around the deterministic steady
state with Tr; = 1. From (B.17), a first-order expansion yields g; = ag; + O(2), so (B.18) gives
ct = 1?T‘j‘qt + O(2). Moreover, the static block implies

Y = Ogq — 07t + O(2), 7 = log T, (B.22)
and marginal cost in logs satisfies
logmer = qi + pyr — (1 4+ ¢)ay, a; = log Ay. (B.23)

Export volume (in log deviations) is 2; = log(X;/X) = v(¢ — 7) from (B.20). Finally, under the
PPI-based Taylor rule (A.16), the policy rate in logs is

. R
Py = log(}{) = OrTt + OyYi. (B.24)

B.4.5 Flexible-price benchmark output and the output gap

Define the benchmark flexible-price allocation as the one obtained when price adjustment costs
vanish (Rotemberg x — 0), so that IT7; = 1 and hence 7§ = 0. Under the normalized marginal-cost

definition above, the flexible-price pricing condition implies mc§ = 1, so at first order
0 =me" =g + oy — (14 p)ay, (B.25)

where mc; = logmeg. Using the first-order static mapping (B.22) gives

s Tt + 1+(pa
T+@l, " 1490,

(1+00) ¢ = b+ (1 + )ar, g7 = (B.26)

and benchmark output is y§

= 0,4" — 0,7;. The output gap is §: = y; — y5 (as in Section F.1
below). Under complete markets with PCP, strict PPI targeting implies m7; = 0 and therefore
reproduces the benchmark flexible-price allocation at first order (divine coincidence), so g; = 0

state-by-state.



B.5 Supplementary: First-Order Tariff Level and News Shocks

This subsection collects closed-form first-order responses to tariff-level shocks and deterministic

tariff news paths, which serve as benchmarks for the spanning arguments in Proposition 2.

B.5.1 Surprise tariff-level shock under a PPI-based Taylor rule

Consider a tariff-only experiment (a;, ;) = 0 with an AR(1) export tariff state
Ty = PrTi—1 + Or€rt, ert ~N(0,1). (B.27)

For a unit surprise shock at t = 0 with 7_; = 0, one has 7y = pL&,. The first-order solution in

Section C.2 implies
T = ArTi, @ = AgT, (Ar, Ag) = (AT, A, (B.28)

where (Ang), A((JT)) are given by (C.11)—(C.13) evaluated at ps = p,. Using (B.22) and ¢; = ag:+O(2)

gives the first-order responses of output, CPI wedge, consumption, and exports:

yr = (0gAg — 07)71, (B.29)
1—«
gt = aAg, ct = AqTi, xr =y(Ag — 1)1y (B.30)
The policy rate is
Tt = GrArTi + Qby(‘quq - GT)Ttv (B.31)

and CPI inflation follows from (B.16):
mor=m + (gt — gi—1) = Api + @Ag(7y — 14—1)  with 71 = 0. (B.32)
Under constant Foreign prices, the exchange rate satisfies Ae; = (¢ — ¢—1) + m¢ from (B.15).

B.5.2 Strict PPI targeting benchmark

Under strict PPI targeting, I, = 1 so m; = 0. Then the NKPC implies mc; = 1, which together
with (B.23) and (B.22) yields ¢, = —py; for a; = 0. Combining with (B.22) gives the closed-form
slope of output on the tariff state:

Ayt b- oy

_ 9 _ __ . B.33
&r 0Ty Iss, m=0 1+ (qu 1+ <p9q ( )




Hence, for 74 = pta,,

(1-—a)p

Yt = &+, gt = — P81+, gt = —op€r=Tt, o = —TfT*Tt, (B.34)
v =@ — 1) = —y(1 + @& )7, et = q¢ (up to pyy with = 0), TCt = Gt — Gt—1-
(B.35)
B.5.3 Deterministic tariff news path
Fix an announcement horizon k£ > 1 and consider the deterministic “news” path
=0 (0<t<k), = p ke, (t> k), (B.36)

with all other shocks set to zero. Under strict PPI targeting, the equilibrium is static in the sense
that (g¢,y¢) depend only on current 74, s0 ¢ =yr = =g = x; =0 for 0 <t < k.

Under a PPI-based Taylor rule, the forward-looking system generates anticipation effects even
though 7; = 0 for t < k. Let 2z = (7, q;) " and suppress (a¢, ;). Under perfect foresight, (C.9)—
(C.10) with 7z = 0 imply

1 —K 0
" 2t = g 241, 0<t<k. (B37)
Or Pyt +1 11
—_———
AO Ay

If Ay is invertible, define F = Ay LA; so that 2zt = Fzyy1 during the anticipation window. At

implementation, the policy functions give 2z = (A, A;) ' 7., so the anticipation path is
_ wk—t T=
2 =F""Ar, Ay) o7, 0<t <k, (B.38)

while for ¢ > k one has z = (Ax, A;) " 7 with 7 from (B.36). All remaining variables follow from
(B.16)—(B.24) and the static mappings above.

C Proof of Proposition 1

Roadmap. This appendix records the coefficient-matching steps that deliver the closed-form
system (29) and hence proves Proposition 1. We proceed in four steps. Section C.1 derives the
second-order expansion of the static block and collects the needed derivatives. Section C.2 solves
the first-order (m, ¢;) system and expresses the solution in closed form. Section C.3 characterizes
the second-order curvature induced by the tariff state under the volatility specification. Section C.4
then combines these ingredients to obtain the third-order uncertainty coefficients (X, x4), derives

the geometric IRF's, and maps the objects to Dynare’s perturbation outputs.

10



C.1 Log representation and static derivatives

Let m; = logllgy, ¢ = log @, and y; = log(Yt/}_f). Under complete markets, the static block in
Section B implies a smooth mapping v = y(m, gt, 7¢), where 7 = log T} is the export tariff state. A

second-order expansion around the deterministic steady state takes the form

1
v =g — 0-71 + 5 (yqqq? + 2Ygr Qe Tt + Yrr TP+ ymwg) +0(3). (C.1)

The coefficients in (C.1) are functions of primitive parameters (o, , o, K):

C.1.1 Deriving the static derivatives

For the closed-form calculations in Proposition | we treat the import tariff Tr; as constant
and focus on the export tarift 7}, so that 7, = logT} is the relevant tariftf state in the static
block. Let Z; = Ch + X; denote the goods-market numerator and recall Y; = Z;/ADJ; with
ADJ; =1 — §(Ilg; — 1)* from (B.10). Then

yr = log(Y;/Y) = log Z; — log(ADJ,), O =e€™, Qr=¢€", T;=ce€".

Since Z; depends on (g, 7¢) but not on m, the cross-derivatives satisfy yrq = y»r = 0 at the

deterministic steady state.

Step 1 (express Z; in (¢, 7¢)). Under the complete-markets static block in Section B.2, Home

absorption of Home goods can be written as

y—1/o

Cup=(1-a)®Q7,  &=(1-a)+aQ ", ¢ -

)

and export demand is

¥
X; =« <JQ£> — e (@—Tt)

Hence Z; = Cyy + X; is a smooth function of (g;, 7¢). At the deterministic steady state (¢, 7, 7) =
(0,0,0) one has (Cy,X,Z) = (1 —a,a,1) and ADJ = 1.

Step 2 (first derivatives). Because ADJ does not depend on (¢, 7¢) and equals one at the steady

state,
@ _ OlogZ @ _ OlogZ
8q SS 8q SS aT SS 87— SSs
Moreover,
dlogCy 1 o ) Odlog X Odlog X
—_o 7 :f_|_€7q , ~4q :a(l_fy)’ =, [
0q |, © L |, dq or

11



Using £(1 —v) = v — 1/0 and the steady-state weights Cpr/Z =1 — a and X/Z = « yields

0

<

0, =

1 1 0
_(1—04)[4-04(7—)]—1-047, HTE——y = .
g o aTss

Q

q

SS
Step 3 (second derivatives). For y =log Z one has

2

ZQ

) 7’7.7 € {an}a

SS

SS

and since Z = 1 at steady state this reduces to y;; = Z;; — Z;Z;. Combining the derivatives of
X; = e @) with those of Cgy = (1 — a)@feqt/ ? yields the expressions for (ygq, Ygr, yrr) reported
in (C.4)—(C.6). Finally, because ADJ; enters y; as —log ADJ; and ADJ; =1 — £(e™ — 1)?, one has
Yrx = K at the steady state, delivering (C.7).

1 1
0, =(1—a) L—i—a('y—a)} + a, (C.2)
0, = a, (C.3)
9 ayo—a—o+1
Ygq = —a(l —a)*(yo — 1) 2 ’ (C.4)
oc—1
yor = —ay(1 —a)? 7= pt (C.5)
Yrr = v (1 — a), (C.6)
Yrm = K- (C.7)

C.2 First-order system and closed-form coefficients

Using log me; = ¢t + oy — (1 + ¢)a; and the normalization me = 1 at the deterministic steady state,
define
[y =1+ b, = ¢b,, Fo=1+¢, (C.8)

and recall Ky, = (e — 1)/k from (20). Linearizing (21)—(22) around the deterministic steady state
and using the first-order static mapping y; = 04q; — 67 + O(2) yields the 2 x 2 forward-looking

system

Tt = ’%Qt — Cr Ty — CqQt + IBEt [ﬂ—t-‘rl]? (Cg)
(Or)Te + (Py0q)ar — (Py0r )T + UV = E[(qr1 — q¢) + Tiq1], (C.10)

where k = Kpel'g, ¢ = Kmel', and ¢q = Kmela.

Consider a generic AR(1) state s; with persistence ps and conjecture 7y = A&S)st and ¢q; = A((Is)st.
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Then (C.9)-(C.10) imply
AL ng)
M ps = , C.11
(ps) 48 B (C11)
with M(-) defined in (28) and forcing terms
7 05) = (—er,0y0r), (17, 057) = (=0, 0), ()7, 507) = (0,-1).
Whenever det M(p;) # 0, Cramer’s rule yields

0\ (¢y0, + 1 — ps) + 7B

(s) —

Ax = det M(ps) ’ (C.12)
(s) _ (1 - Bps) (¢7r s) ()

Aq - detM(pS) 3 (C13)

where det M(ps) = (1 — Bps)(¢y0q + 1 — ps) + E(Pr — ps)-

C.3 Second-order curvature in the tariff state
Consider a deterministic path with no innovations and tariff dynamics 741 = p;7. Expand the
equilibrium decision rules in powers of the tariff level state:

1 1
Tt = ATI'Tt + §Bﬂ'7_t2 + O(Tt3)7 qt = Ath + quTtQ + O(Tt3)7 (C14)

where (A, Ay) = (Ang),A((;)) are the first-order coefficients given by (C.11)-(C.13). Define the
composite curvature term
Cy = ?/qqu + 2ygr Ag + Yrr + YrrnAZ, (C.15)

and the two repeated scalar combinations
my =T A, — T, s1=(0g—1)A; — 0. (C.16)

To make the coefficient matching explicit, first substitute (C.14) into the static expansion (C.1).
Since
= A+ 0()), an=A7+0(), w=AT+0(5),

the output expansion becomes
Y = (0gAqg — 0-)1¢ + = ((9 B, +C )Tt + O(7d).

Along the deterministic tariff path 7.1 = pr7%, this implies

1
*PEBthQ + O(Ttg)’

1
7p72'BTl’7-t2 + 0(7_153)7 dt+1 = pTAth + B

Tir1 = prAxme + 5
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1
yir1 = pr(0gAg — 7)) + 593(@1361 +Cy)7i + O(17).
Hence the two nonlinear objects that recur in (21) are
1
G+ oyr = maT + §(I‘qu + Cy )77 + O(77),
and

(o1 — v) + (@ — @e41) = (pr — Dsime + O(77),

SO
Q1=14+(pr — D)s11w + O(TE).

Now expand the two equilibrium equations to order O(72). For the NKPC, with a; = 0 along
this deterministic tariff path,

3 1
(€™ —1)e™ = m; + iﬂ—tz + O(TE), edtteyr _ 1 = miTe + §(Fqu + (pcy + m%)’]’f + O(Ttg)

Using the expansion for ;.1 above and matching the 77 coefficients in (21) gives
(1—Bp2)By — kB, = Fome (¢Cy + m3) + 2B8p-(pr — 1) Ars1 — 3(1 — Bp2) AZ.
For the asset-pricing block, because the path is deterministic and ¢, = 0, (22) reduces exactly to

GrTe + dyyr = (Qe41 — qt) + Teg1-

Substituting the same expansions and matching the 77 coefficients yields
(6 — p)Br + (¢yby + 1 — p?) By = —,C,.

Stacking these two coefficient conditions gives the 2 x 2 system

M(p2) (Bw> Kme (0Cy +m3) + 26p7(pr — 1) Ars1 — 3(1 — Bp3) A2

= . (C.17)
Bq _¢ycy

Since (C.17) is a 2 x 2 system, the curvature coefficients (B, B,) are available in closed form by
Cramer’s rule whenever det M(p2) # 0.

Figure C.1 reports the same one-dimensional parameter sweeps used in the main-text comparative
statics, but now directly for the coefficient objects (Ar, Ay, Br, By). Panel A isolates the first-order
tariff-exposure coefficients, while Panel B isolates the second-order curvature coefficients. At the
baseline calibration, (Ar, Aq) ~ (0.12,0.26) and (By, By) ~ (—0.13,—0.52), so the tariff state
loads more strongly on the terms of trade than on inflation at the first order, while both second-
order mappings are locally concave. Across the displayed range, the first-order coefficients remain

comparatively stable and mostly positive, whereas the curvature terms are substantially more
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sensitive to nominal rigidity and Taylor-rule feedback. This is useful for reading (C.24): the
variance terms are governed by the relatively smooth first-order exposure coefficients, but changes in
(K, ¢r, ¢y) reshape the uncertainty wedges mainly through the curvature block (Br, By). Section D

returns to these objects and gives the economic interpretation of the signs of By, By, u1, and us.

Remark C.1 (Curvature objects under log vs level states and variables). The curvature coefficients
in (C.14) are defined with respect to the log tariff state 7w = log T;*. If instead one uses a level
state such as x;—1 = T} | — 1, then v = pylog(l + x4—1) = prae—1 — %pTxf_l + O(x}_,) along a

deterministic tariff path. For a scalar decision rule written in a log variable y,
= A EB 2 O 3
Yo = AT+ 587 + (7)), y € {m.q},

this implies

1
Y= prAri1 + 5(033 — prA)ai_y + O(xi_y).

Hence, if a perturbation package reports derivatives of y; with respect to the level state x;_1 at the

steady state, the correct mapping is

p?
where ¥, and y,, denote first and second derivatives with respect to x;_1. If the reported object is
a level variable Y; = e¥% (e.g., Y =y or Y = Q), then Y, = y, + y2 at the steady state, so

B , (C.18)

Yoo ~Y2+Y,

B =
p3

(C.19)
Therefore an apparent mismatch in curvature coefficients can reflect comparing different curvature
objects (log vs level variables, log vs level states) rather than an economic difference. The economi-
cally invariant objects are the implied second- and third-order policy functions and the resulting

impulse responses.

C.4 Second-order mean shifts and third-order uncertainty coefficients

C.4.1 Why uncertainty IRFs are third order (and the link to Benigno, Benigno and
Nistico (2013))

Write the export-tariff process under stochastic volatility as
Te4l = PrTt + Ut Ertil, up = o7t 0Tt = PoO0Tt—1 + No€ot, (C.20)

where Var(e;41) = Var(e,;) = 1. Under the volatility experiment in Definition 1, we set e, = 0 for
all ¢, so 7w = 0 along the baseline and along the uncertainty-shock path; the only object that changes
at time t is the conditional distribution of 1.1 through u;. As emphasized by Benigno, Benigno and
Nistico (2013), when the volatility /risk state u; is not an argument of the equilibrium conditions (it

only scales primitive innovations), its effect on time-t equilibrium can arise only through conditional
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Panel A. First-order tariff exposure coefficients
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Figure C.1: Sensitivity of the first- and second-order tariff coefficients to structural parameters.

Notes: Each subplot varies one parameter at a time around the baseline calibration in Table A.1; the vertical line marks
the baseline value. Panel A plots the first-order tariff-exposure coeflicients (Ar, Aq) from (C.11)—(C.13), and Panel B
plots the second-order tariff-curvature coefficients (Br, By) from (C.17). Colors identify inflation vs. terms-of-trade
loadings, while marker shapes distinguish first-order from second-order objects.
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moments such as E; [TEH] = u? that enter expectations in Euler equations and pricing conditions.
In our log-volatility parameterization, Ei[77,,] = 62e*7Tt = 62(1 + 207;) + O(4) (cf. (C.22)
below), so the deviation of conditional variance from the o7 = 0 benchmark is O(6207,;). Under
standard perturbation order counting, &, is first order and o7+ = O(1,), so uncertainty affects
equilibrium at O(52n,) = O(3)—the first nonzero responses appear at third order (Figure 1.2).
The distinction between “second order” and “third order” is primarily one of state parameteri-
zation. Benigno, Benigno and Nistico (2013) parameterize the conditional standard deviation as

a linear exogenous process, so a second-order approximation suffices. In our log-volatility specifi-

2

2(e?97¢ — 1), which is inherently higher-order under

cation, the time-varying component of u? is &
SGU /Dynare scaling and requires third-order perturbation (cf. Section C.4.6).
At the evaluation point 7 = 0, a second-order approximation implies that tariff risk shifts the

stochastic mean of (7, ;) by (7,7) = O(62). These mean shifts solve

( 1-8 —& > <7r> 2 B(LBr+ 342 + Aysy) | c21)
O —1 @y q % ((Bw + By) — (Ar + Aq)2)

Mss

C.4.2 From mean shifts to uncertainty coefficients

Equation (C.21) is derived under constant conditional tariff variance Ei[77,;] = 62 (i.e. oy = 0).

Under stochastic volatility, the conditional variance is time-varying:
B3] = 62%°Tt = 52(1 + 207,) + O(4), (C.22)

where the last equality uses that the volatility state o7, affects equilibrium only through terms

2

scaled by 2, so the quadratic term &2

0’72% is O(4) and can be dropped at third order.

Define the uncertainty coefficients as in the main text (Definition 1 and (26)):
T =T+ Xrort + O(4), @ =q+xq0rt+0O(4). (C.23)

Because o7, follows (17), E¢[or4+1] = psor,:. Hence, collecting the O(&Zaﬂt) terms in the same
coefficient-matching steps that lead to (C.21) yields a linear system for (xr, x4) With the same 2 x 2
matrix M(p,) that governs first-order dynamics (cf. (28)):

M(po) X _ 5_2 B8 (B7r + 3A72r + 2A7r81) <C24)
Xo)  \(Br+Bg) — (Ar +49)%)

which is exactly the closed-form uncertainty-coefficient system (29) stated in the main text. Relative
to (C.21), the right-hand side doubles because O(Eq[774])/00o7 = 262 at oy = 0 by (C.22).
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C.4.3 Economically transparent special cases for (xr,Xq)

For compact notation in this subsection, define
u =628 (Br +3A2 4+ 24zs51), w2 =052 ((Br + By) — (Ax + 49)°),
with s; = (6, — 1)Aq — 07, and let
D, = det M(p,), ae =1 — pg + ¢y, o =1— Bpo, do = r — po-

Then (C.24) is equivalent to

_ Gguy + Kug _ Coug — dguy

™ 9 - P C-25
X Da’ Xq Do’ ( )

with D, = c,a, + Rd,.

To obtain Corollary 2, set p, = 0, 50 a5 = 14+ ¢0,, o =1, dy = ¢r, and Dy = (1+ ¢y0y) + R
Substituting into (C.25) yields the stated formulas. Since (27) implies Am; = xxpns and Ag =
XgP'Mo, Tesponses are impact-only when p, = 0.

To obtain Corollary 3, set ¢, =0, 50 ao =1 — p, and Dy = (1 — Bps)(1 — po) + R(dx — po)-
Substituting these into (C.25) gives the closed forms in the corollary.

To obtain Corollary 1, impose either u; = 0 (asset-only forcing) or ug = 0 (NKPC-only forcing) in
(C.25). The ratio formulas follow by direct division of the resulting expressions. For the low-rigidity
quantitative illustrations in Figure 4, we evaluate both us = 0 (NKPC-only) and u; = 0 (asset-only)
mappings at £ = 4 (baseline x = 40), holding all other parameters fixed.

To obtain the flexible-price statements in Corollary 1, write the two single-channel solutions as

NK _ Qo1 NK dyuy
_ —_29 C.26
X D, M D, (C.26)
Kusg CoU2 .
gIP = D, XqUIP = ODiJ; Ds = ¢t + Kdo, (C.27)

where £ = Kme(1+¢by) and dy = ¢r — po. Assume ¢ > ps, 50 dy > 0. Define K = (e —1)(1+4 pb,),
so k = K/k.
For the NKPC-only channel,

NK U1 KU1

_ __ , C.28
Xa Rt i K 4 rige (C.28)
NK _ % W = G KU1 (C.29)

™ _E%_‘_CEZU_%K—"_ECEZU’
For the asset-only channel,

XUIP o CJUQ o CO—K/ u2
q Fdy + coae Kdy + kcoay,’

(C.30)
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vip Kug _ K u
Xeoo & Rdy + coay,  Kdy + KCpay
Hence, if u1(k) = O(1), then (C.28)—(C.29) imply X(]IVK — 0 and xYE — 0. If ug(x) = O(1), then
(C.30) implies xY/ — 0. If additionally ug(x) — uJ, then (C.31) implies Y7 — u/d,.

It remains to verify uj (), uz2(k) = O(1). Recall u; = 628(B; + 3A% + 2A,s1) with s; = (0, —
1)Ag—0-, and up = 62((Br + By) — (Ar + Ag)?). From the first-order system M(p,)(Ax, Ag)' = br,
br = (—kmelr, ¢y07)" and kpme = (e — 1)/k. As k — 0T, both det M(p;) and the leading term in
b, are O(1/k), so (Ar, Ag) = O(1). For (Bg, By), M(p2)(Bx, B;)' = rhspg with thsg = O(1/x) and
det M(p2) = O(1/k), implying (By, B,) = O(1). Therefore both u; and uy are O(1) as k — 0F.

(C.31)

C.4.4 Fully substituted primitive closed form for (xr,xq)

To remove matrix shorthand and all (A, Aq, Br, B,) objects, define

A(p) = (1 - /Bp) (1 - p + (z)ygq) + Hmc(1 + (Peq) (d)ﬂ' - P), (032)

and set A, = A(p,), A2 = A(p2), and A, = A(p,). Primitive numerator blocks. Let
KEme = (€6 —1)/k and define

Ny = 0rkme [—¢(1 — pr + ¢y9q) + (1 + Weq)¢y] ) (C.33)
Ng =07 [(1 = Bpr) oy + Emep(dr — pr)] - (C.34)
Define
Ne = yggNg + 29gr NgAr + yrr AT + yrn N7, (C.35)
Ny =1+ Lpeq)Nq — AL, N, = (Gq — I)Nq —0;A,, (C.36)
and
ND1 = /{mc(QDNC + Nzn) + 2507(,07 - 1)N7TNS - 3(1 - sz)Ngv (037)
ND2 = —gf)ch. (038)
Then
Np_ = Np, (1 - pz + ¢yly) + Eme(1 + ©0q)Np,, (C.39)
NBq = (1 - /Bpg—)NDz - (¢7r - p?’)NDl' (040)

Define two final composite blocks

N1 = Np, + A2 (3N2 + 2N N,), (C.41)
Ny = A2(Ny + N,y)? + Np, + Np,. (C.42)
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Then the uncertainty coefficients from (C.24) are

=2

UT
Xr = R Av A, P = Po + G0 N1+ fime(1+ @0g)N2] (C.43)

0.2

Xq = m (1 = Bpo) N2 — B(dr — po)N1] - (C.44)

Equations (C.2)—(C.44) provide a fully explicit recursive closed form in primitives
{o,7,0,0,B,k,€ ¢x, by, pr, ps, 07}

C.4.5 Geometric IRFs under the volatility experiment

Under the volatility experiment in Definition 1, o7y = pin, for t > 0 (starting from o7 _1 = 0).
Substituting this path into (C.23) gives the geometric impulse responses in (27).

C.4.6 Mapping to Dynare perturbation objects (ghu, ghs2, ghxss, ghuss)

This subsection records how our analytic coefficient objects map to Dynare’s perturbation outputs
(SGU convention). The key point is that Dynare expresses decision rules as functions of lagged

predetermined states x;_1 and current innovations ;.

First-order impact responses (ghu). Let a generic state s; satisfy s; = pssi—1 + 0565+ with

Var(es) = 1 and suppose the first-order solution satisfies
Ty = AgrS)Stv at = A((]S)St-
Then the impact response to a unit innovation €, is

ghu[r, ;] = 0, AW, ghu[q,&5] = USASIS). (C.45)
Second-order curvature in the tariff state (ghx and ghxx). In coefficient matching we define
curvature coeflicients with respect to the log tariff state = log Ty and work with log endogenous
variables y; € {m, ¢:}. In contrast, Dynare implementations often use the level state T;* ; (or its
level deviation x;—; = T} { — 1) as the predetermined state in ghx and ghxx. This difference matters
for mapping B coefficients.

To see this transparently, consider the scalar policy rule (suppressing other states)
1
yr = A1 + §B 2+ 0(7}), y € {m q}, e = PrTi_1,

and suppose Dynare’s predetermined state is the level deviation z;—1 = T} ;| — 1. Since 1 =
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log(1 4 @4—1) = 241 — 327 4 + O(z}_,), one obtains

1 1
Tt = Pr¥i—1 — 5#’795?—1 +0(x}_y), = Yt = prAxi1 + 5(,033 - pTA)mtz—l + O(xf—l)'

Hence, if Dynare reports ghx and ghxx for the same log variable y and the level state T, the correct
mapping is
ghxx[y, T, T*] + ghx|y, T"|
5 :
(C.46)
If instead Dynare reports ghx/ghxx for the corresponding level variable Y; = e¥t (e.g. Y € {Ily, Q}),

ghx[y, T"| = p A, ghxx[y, T*, T*] = p2B —p,A = B=

then Y, = y, but Yoz = 0 + 32 at the steady state, so

hxx[Y, T*, T*] — ghx[Y, T*]? + ghx[Y, T*
B:g XX[ s 5 } g:;[ y ] +g X[ ) ], YG{HH7Q} (047)

29
T

Equations (C.46)—(C.47) explain why a naive “divide by pz” comparison can yield apparent B
mismatches: it typically reflects comparing different curvature objects (log-vs-level variables and
log-vs-level states) rather than an economic discrepancy. For verification, the robust objects are the
higher-order perturbation terms ghs2, ghxss, ghuss and the implied IRFs, which are invariant to

these parameterizations.

Practical note (Dynare state ordering). In Dynare, the columns of ghx and ghxx are
ordered by the internal lead—lag incidence mapping, not by the declaration order in the .mod
file. A robust way to identify the correct state column is to use Dynare’s state index list (e.g.
oo_.dr.order_var(1:M_.nspred) in recent versions) or, for simple AR(1) states, to locate the

column whose coefficient equals the persistence parameter (e.g. p, for the tariff state).

Second-order mean shifts (ghs2). Dynare reports the second-order constant (stochastic-mean)
corrections as
ghs2[r] = 27, ghs2[q] = 2q, (C.48)

where (7, q) are characterized by the linear system (C.21).

Deterministic vs stochastic steady state (SSS-based IRFs). In quantitative work it is
common to report uncertainty-shock impulse responses as deviations from the stochastic steady
state (SSS), i.e. to subtract the mean corrections generated by nonzero level-shock variances. Our
analytic derivations, by contrast, use a perturbation expansion around the deterministic steady
state (DSS). In our volatility experiment, this difference is immaterial at the third order at which
uncertainty affects equilibrium. Moreover, our IRFs are defined as deviations from the baseline path
with e,0 = 0 (equivalently, or; = 0), so the second-order mean shifts captured by (7, q) cancel

mechanically.
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Centering IRFs at the SSS rather than the DSS can matter only through the way stochastic
volatility shifts the unconditional second moments that enter equilibrium via Jensen/second-moment
terms. But since o7 has stationary variance Var(or:) = n2/(1— p2) under (17), a Taylor expansion
implies

E[e*7+] =1+ 2 Var(o7,) + O(1,), (C.49)

so the unconditional tariff variance differs from its o7,y = 0 benchmark only by 52(E[e*7:¢] — 1) =
O(52n?) = O(4). Therefore, the difference between SSS-centered and DSS-centered uncertainty
IRFs is itself O(4), beyond the accuracy of our third-order characterization.

Third-order uncertainty terms (ghxss and ghuss). Our main-text uncertainty coefficients
are defined with respect to the time-t volatility state (cf. (C.23)):

Ty =T + XzoTt + O(4), @ =G+ Xqort + O(4).
Using the volatility law of motion (17), o1t = peoTt—1 + Moo t, gives the equivalent representation
Tt =T+ (poXx)ori-1+ (NoXn)eor + O4), @ =q+ (poXg)oi—1+ (NoXq)eor + O(4).
Hence Dynare’s third-order policy-function objects satisfy
ghxss[m, o7 = 2p5 X, ghxss|q, o] = 2psXg (C.50)

and

ghuss(r, e,] = 215 Xx, ghuss|q, €] = 21, X4- (C.51)

In particular, when p, # 0, (C.50)—(C.51) imply the convenient identity

ghussly,e,] = n—aghxss[y,aT], y € {m q}. (C.52)

o

Finally, the period-0 uncertainty-shock impact reported by Dynare is Amg = %ghuss[ﬂ', Eo| = NoXn
and Aqy = %ghuss[q, €0) = NoXq, which matches the main-text IRF formula (27).
D Economic Interpretation of Curvature and Wedge Signs

Figure C.1 shows that the first-order tariff-exposure coefficients (Ar, A,) are comparatively stable
across the displayed parameter sweeps, while the curvature coefficients (B, B;) move more sharply
and are negative near the baseline. This matters because, as shown in (C.24), the uncertainty

wedges are

uy = 362 (Br + 3A2 + 24,s51),  ups =352 ((Br + By) — (Ar + 4g)?).
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The variance term in the pricing block, 342, is mechanically nonnegative, while the variance term
in the asset-market block enters with the opposite sign, —(A; + Aq)z, because the exact closure
prices the inverse gross return. The signs of the wedges are therefore governed by two economically
distinct objects: the covariance term A;s; in the pricing block and the curvature terms B, and
B: + B,. This section explains why these objects are negative in the baseline calibration and why

Figure C.1 is informative for the sign of uncertainty transmission.

D.1 Pricing Wedge: Why Can B, <0 and u; < 0?7

Start from the sharpest partial-equilibrium benchmark. Suppose an exporter faces CES demand
y*(p,7) = D*(e"p)"",

where p is the producer price, e” is the export tariff, and real marginal cost is fixed at mc. If the

firm can reset its price after observing 7, it chooses p to maximize

(p —me)y*(p, 7).

Because the tariff enters only as the demand shifter e™77, the first-order condition delivers the

standard constant markup
p = pme, B= %,
which is independent of 7. Thus a realized tariff shift does not affect the desired price when marginal
cost is fixed and demand is isoelastic.
The same conclusion survives in the simplest preset-price environment. Suppose the firm must

choose p before T is realized and solves
max E; [(p — me)D*(e"p) 7] = max {Et e (p— mc)D*pJ’}.
p P

The expectation over tariffs factors out of the pricing problem, so the same markup condition
obtains. Therefore, in the static CES knife-edge with fixed marginal cost, neither the tariff level nor
tariff uncertainty affects the optimal preset price. This is a useful benchmark because it shows that
the pricing wedge is not a generic consequence of tariff risk.

The same logic extends to a Calvo reset-price problem if marginal cost is held fixed. The reset

price solves

Et > 50(B0) At Yes jMCryj Pry
Bt > i50(B0) Ar e Yeyi Pi

If MCiy; = mcis constant and tariffs only rescale demand Y}, the common demand shifters enter

Pt#:,u

numerator and denominator symmetrically and cancel, leaving Pt# = pme. Hence even Calvo price
setting delivers no tariff-risk effect in the fixed-cost knife-edge.

These knife-edge examples also suggest the right simplified problem for obtaining a negative
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pricing effect. Let z*(7) denote the state-dependent desired price, or desired reset price, and suppose

a firm chooses a preset price p to minimize a weighted quadratic loss

HgnE [w(T) (p— Z*(T))g] .

The solution is ;
« _ Elw(r)z*(7)]

P E()

This immediately separates the two forces that matter in the full model. First, if w(7) is constant
and z*(7) is concave, then greater tariff dispersion lowers p* by Jensen’s inequality. This is the
simplified preset-price counterpart to a negative B;. Second, if high-tariff states receive relatively low
weights, then Cov(w(7), 2*(7)) < 0, which lowers p* even further. This is the simplified counterpart
to the covariance term in u;. A Calvo reset-price problem has exactly this structure: the reset price
is a weighted average of future desired prices, so concavity of the desired-price schedule and low
weights on high-price states both push the reset price downward.

This benchmark also clarifies what is not the right intuition. It is not that firms mechanically
“cut prices to avoid demand losses” under uncertainty. Under CES demand with fixed marginal cost,
that logic is false: uncertainty does not change the desired markup. The negative pricing wedge
appears only once tariffs change desired future prices or the payoff-relevant weights attached to
those future states.

Rotemberg can be analyzed just as explicitly. In the reduced complete-markets system, the

nonlinear pricing condition is

ﬁ(HH,t — 1)HH,t = (6 — 1)(mct — 1) + B/i Et[(HH,t—i-l — 1)HH,t+IQt+1] s

with Qi1 = (Yir1/Y1)(Qt/Qi41) from (B.8). In the fixed-cost knife-edge, me, = 1, and if tariffs
only rescale current demand without changing future marginal cost or continuation weights, then
IIf; = 1 solves the equation regardless of tariff uncertainty. So even Rotemberg by itself does not
generate a pricing wedge from a pure multiplicative demand shifter.

These no-effect results identify what must break the knife-edge in the full model. To obtain a
nonzero pricing wedge, tariffs must make future inflation and the NKPC weighting kernel state-
dependent. In the model, tariffs change output composition, marginal cost, and continuation values,
so the price-setting problem is no longer just a static markup problem under a multiplicative demand
shifter. With preset prices, the firm is solving an insurance problem across future tariff realizations;
with Calvo, the reset price becomes a weighted average of state-dependent desired future prices. In
Rotemberg, the object is inflation rather than an explicit reset price, but the same forward-looking
force is present.

This is seen directly from the second-order Rotemberg NKPC,

. 3. 1 __ R 3. R
THt + iw%ﬂ = Kme (mct + Qme) + BE; I:T['H7t+1 + iﬁﬁﬂ + T 41 log Qipr | + O(3),
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which is equation (F.4) below. Now write

1
Tt+1 = Aﬂ—Tt+1 —+ iBﬂ—Tt2+1 -+ O(TEJrl)? 10g Qt+1 = S1Tt+1 + O(Tt2+1)7

and consider mean-zero tariff risk. Then the expectation term contributes
3 5 B 2
/BEt Tt+1 + §7Tt+1 + 41 log Qt+1 ~ 5 (Bﬂ- + 3Aﬂ_ + 2A7|-81) Vart(Tt+1).

After baseline subtraction and rewriting the conditional variance in terms of the volatility state,
this is exactly the source of
uy = B62 (B + 3A2 + 2A.51) .

The term 3852A2 is therefore the pure Rotemberg-convexity effect. It is absent in the static
knife-edge and would not appear in the same form in a Calvo decomposition. Its sign is always
positive: if tariffs make inflation more state-dependent, inflation risk raises expected adjustment
costs.

The term 2(352A,s1 is a weighting effect. The Rotemberg NKPC does not average future
inflation with fixed weights, but with the kernel €;4; in (21). In the baseline calibration, tariffs
raise inflation at first order, A, > 0, but the same high-tariff states are weak-demand states in
which the kernel is low, s; < 0, so the inflationary states receive relatively little weight in firms’
pricing decisions. Formally, the covariance between inflation and the NKPC weighting kernel is
negative. Economically, firms care less about the states in which future pricing pressure is strongest.

“Low weight” here means low payoff relevance. In the baseline calibration, the tariff-induced
depreciation does not fully offset the export-demand loss, so high-tariff states are states in which
firms sell fewer units and the profit cost of having the wrong price is smaller. The kernel 2,1
captures exactly that idea: future pricing distortions matter less when future sales are low and the
continuation value of that state is weak. Hence a high-tariff state can be both an inflationary state
and a low-weight state. This is why the covariance term is negative: the states in which firms would
like to raise prices more are also the states in which getting the price exactly right matters less for
discounted profits.

The remaining term, $52B;, is a Jensen term coming from the curvature of the deterministic
inflation schedule

(1) = AT + %BWTQ +0(73).

If 7 is mean-preserving but more dispersed, then
1
E[r(7)] = n(E[r]) + 5]97r Var(7),

so the sign of the mean-shift contribution is the sign of B;. In the baseline calibration, B, < 0:
once export tariffs are already high, the export base is already compressed, so another tariff increase

has a smaller marginal effect on demand, marginal cost, and pricing pressure. Monetary policy
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and nominal rigidities reinforce this flattening by damping incremental price adjustment as the
distortion grows. Hence moving from a moderate tariff to a high tariff raises inflation by less than
moving from a moderate tariff to a low tariff reduces it.

It is important to distinguish this curvature force from the ;1 force. The kernel ;11 explains
the covariance term in uy; it does not by itself explain why B, < 0. The sign of B, is a statement
about the deterministic mapping 7(7) and therefore about the full equilibrium response of inflation
to tariff levels. In our calibration, that curvature is shaped importantly by the terms-of-trade
block: a high tariff already depresses exports and induces a large relative-price adjustment, so the
additional inflation required from an even higher tariff becomes smaller. Through the joint (7, q)
system, this flattening of the terms-of-trade response feeds back into inflation curvature.

Quantitatively, the overall negative NKPC wedge is not driven by Rotemberg convexity. In the

baseline calibration, the decomposition is approximately
utet = 40.00041, ud® = —0.00104, uSWY = —0.00133,

so both negative terms matter and the curvature term is somewhat larger in absolute value. The most
intuitive summary is therefore: tariff uncertainty lowers the certainty-equivalent pricing pressure
because high-inflation states are low-value states and because the inflation schedule is concave. A
Calvo version would keep exactly these two ingredients, even though it would not generate the same

standalone 342 term.

D.2 UIP Wedge: Why Can B, + B, <0 and uy < 07

Start from a one-period bond-arbitrage condition. A Home investor compares a Home bond that
pays one unit of Home currency tomorrow with a Foreign bond whose Home-currency payoff is
e+l where

App1 = (@41 — @) + T4

is next period’s nominal depreciation. Under the Euler-consistent complete-markets closure, the

relevant pricing object is not log E¢[e®+1] but
—log Ey[e~ B+,

because the exact asset-pricing condition prices the inverse gross return. The key point is that this
wedge is still not an ad hoc risk-premium shock and not a symptom of incomplete markets. It is
the Jensen gap between the log of the expected inverse return and the expected log return inside a
no-arbitrage condition. Economically, a Foreign bond is valuable because it pays more in Home
currency when the Home currency depreciates. To see how tariff risk moves this object, look at the

state-by-state tariff-level mapping rather than the uncertainty IRF. At first order,

A(T) = (Ar + Ay)T.
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In the baseline calibration, Ar + A, > 0, so a higher export tariff is locally a nominal-depreciation
state. Since a high export tariff is also a bad external-demand state for Home, the Foreign bond pays
more in Home currency exactly in those bad states. That is why foreign currency exposure acts as
a hedge. The asset-market wedge measures how tariff uncertainty changes the certainty-equivalent

value of that hedge. If A,y is risky, then
1
—log Ee[e™ 2] & By[Agy1] — B Vart(A¢y1),

which immediately shows why a volatility shock creates an asset-market wedge even when the
mean tariff path is unchanged. In a symmetric two-state example with A1 € {—d, +d}, mean
log depreciation is zero but E¢fe 2#+1] = cosh(d) > 1, so the Euler-consistent log pricing object
is negative. Under inverse-return pricing, gross inverse returns are convex in depreciation, and
uncertainty therefore lowers the certainty-equivalent depreciation term through Jensen’s inequality
alone.

The same point also clarifies the current exchange-rate adjustment. Rearranging the reduced

asset-market condition gives

(Z)Wﬂ't + ¢yyt + ’(/Jt —qy = — log Et [efqt"'l*ﬂ-“'l].

Holding the expected future distribution fixed, a more negative Jensen term on the right-hand side
must be matched by a lower current ¢;. Since a fall in ¢; is a real appreciation in our convention, the
pure variance component now pushes toward current real appreciation. This distinction matters for
interpretation: the underlying object is still nominal depreciation, As;1, but the contemporaneous
adjustment margin in the reduced system is the terms of trade ¢;. Hence the wedge is nominal in
origin, while its contemporaneous implementation works through real exchange-rate adjustment.
This is the negative variance component in us. In our notation, the first-order tariff sensitivity
of nominal depreciation is A + Ag, so the Jensen component is the mechanically negative term
—52(A, + Aq)Q. If that were the whole story, tariff uncertainty would always act like a negative
reduced-form asset-market wedge. The intuition is straightforward: under inverse-return pricing,
more tariff uncertainty raises the expected inverse payoff relevant for the Euler-consistent bond-
pricing condition, so the Home currency must be stronger today to offset that extra hedge value. In
the reduced system this appears as downward pressure on ¢, that is, on current real appreciation.

But UIP also inherits the curvature of the deterministic depreciation schedule. Write
1 2
A(T) = (Ar + Ag)T + §(B7T + B,)T°.
If tariff innovations are mean zero, then a second-order expansion gives

E[A(T)] = %(Bﬂ + B,) Var(t), Var(A(7)) ~ (Ay + Ay)? Var(r).
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Hence
log Ele™>)] m 2 ((By + By) — (Ar + A,)?
—log Ele™2) & o ((Ba + By) = (Ax + Ag)?) Var(r),
which is exactly the intuition behind the decomposition in (E.5). The term By + By is therefore the
curvature of nominal depreciation with respect to the tariff level. If that mapping is concave, more
tariff dispersion lowers average depreciation and reinforces the negative variance term.
A simple way to see why B, < 0 is to abstract from the nominal block and ask how much real

depreciation is needed to stabilize output as tariffs rise. Using the static reduced-form map,
L,
y(m,q,7) = 0yq — 0,7 + §Cy7' ,
and holding inflation fixed for the moment, a constant-output schedule satisfies
L, 5
0~ 04q(1) — 0,7+ §Cy7' ,

SO
q(T) = Z;—T — 2693;72.

Hence if C, > 0, the real-depreciation schedule is concave and its curvature is negative. This

stripped-down calculation makes the sign transparent: once export tariffs are already high, the

export base is already small, so an additional tariff increase destroys fewer marginal exports and

calls for less extra real depreciation than at low tariff levels.

The full coefficient system says the same thing. In (C.17), the second row that governs B,
is driven by —¢,C,. In the baseline calibration, C, > 0 and ¢, > 0, so the Taylor rule’s output-
stabilization motive pushes toward B, < 0: when tariffs are already high, the policy problem requires
less incremental terms-of-trade adjustment because the marginal output damage has flattened out.
The full model then adds feedback from the nominal block through the matrix inversion in (C.17),
but the sign intuition is the same.

Why is Br 4+ B, negative near the baseline? The same diminishing-exposure force that makes
q(7) concave also makes 7(7) concave. Once export tariffs are already high, the export base is small,
so another tariff increase has a weaker marginal effect on competitiveness, output, and relative
prices. The required extra depreciation to stabilize demand is therefore smaller when tariffs are
already high. Monetary policy reinforces this flattening because the Taylor rule leans against large
nominal adjustments as the distortion grows. Since nominal depreciation is the sum 7 (7) + ¢(7),
concavity in these two schedules makes the composite depreciation mapping locally concave as well.
This is the economic content of B, 4+ B, < 0: the upper tail of the tariff distribution does not buy
much extra depreciation because the exchange-rate schedule has already flattened out there.

This also clarifies the sign reversal. The variance term says that tariff uncertainty increases the
value of the foreign bond as a hedge. The curvature term says that this hedge becomes less effective
exactly in the very high-tariff states where it is most needed, because depreciation responds less

there. So the negative result does not come from “more risk” by itself. It comes from a deterioration
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in the state-contingent payoff profile of the hedge: a mean-preserving increase in tariff dispersion
puts more weight in the bad tail, but the exchange rate no longer provides proportionally more
insurance in those states.
When the curvature term is also negative, it reinforces the negative Jensen component and
makes
s = 52((& +B,) — (Ar + Aq)2> <0.

Then the implied asset-market adjustment pushes toward current real appreciation through a lower
¢:- In the baseline calibration, both components are negative, so the contractionary sign does not
rely on a curvature reversal of an otherwise positive Jensen benchmark. Rather, the curvature
term amplifies the negative variance term inherited from the Euler-consistent inverse-return pricing
object. This is why the asset-market channel now exerts stronger appreciation pressure on the terms

of trade and output than in the old reverse-order UIP formulation.

D.3 Level Shocks versus Uncertainty Shocks

It is useful to end this section by separating two distinct comparative statics that are easy to conflate.
A tariff level shock asks what happens when the expected tariff itself rises. A tariff uncertainty
shock asks what happens when the mean tariff is unchanged, but the conditional distribution of
future tariffs becomes more dispersed.

For a tariff-level shock, the relevant objects are the first-order coefficients in the deterministic

( ) T 2 7 ( )? q( ) q 2 q ( )'

Hence the local effect of a small increase in the tariff level is governed by the slopes A and Ag:

or dq
— = Ay, — =A,.
o1 lr=0 o1 lr=0 4

In the baseline calibration, A > 0 and A; > 0, so a surprise export-tariff increase is locally
inflationary and depreciating at first order; see (B.28). This is the comparative static along the
deterministic schedule itself.

For an uncertainty shock, by contrast, the tariff level remains at its baseline path and only
conditional second moments move. Along the volatility experiment, 7+ = 0 on the equilibrium path
and

Ei[ri] = 07677

changes with the volatility state. The relevant question is therefore not the slope of m(7) at zero,
but how the certainty-equivalent value of the pricing and asset-market blocks responds to more

dispersion. In the pricing block, the uncertainty wedge is

uy = 62 (Br + 3A2 + 2A,s1)
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and in the UIP block it is
uy =62 ((Br + By) — (Ar + Ag)?) .

Thus uncertainty responses depend on curvature and state weighting, not just on the first-order
slopes.

This is why a model can easily have a tariff level that is locally inflationary but tariff uncertainty
that is deflationary. A simple scalar analogy is

b
f(T):aT—iTQ, a,b>0.

Then f'(0) = a > 0, so a small increase in the level raises f. But for a mean-preserving spread in 7

around the same mean, )
E[/()] ~ (Elr]) - 5 Var(s),

so more dispersion lowers the certainty-equivalent value because the function is concave. The same
logic applies here. In our baseline calibration, the level effect is locally inflationary because A, > 0,
while the uncertainty effect is deflationary because the curvature term B, and the covariance term
Ars1 are negative and dominate the positive Rotemberg-convexity term.

The most useful interpretation is therefore the following. A tariff-level shock moves the economy
along the deterministic schedule (7(7),q(7)). A tariff-uncertainty shock does not move the mean
tariff path; instead it changes the dispersion of future states, so the equilibrium response is governed
by Jensen effects and by how the pricing equations reweight those states. This is why the signs of

the level responses and the uncertainty responses need not coincide.

E Proof of Proposition 2

Roadmap. The proof constructs two higher-order wedge processes induced by the volatility
innovation: an asset-market uncertainty wedge that enters the log linearized UIP restriction through
conditional second moments (a variance component plus a curvature component), and an NKPC
uncertainty wedge that enters the Rotemberg NKPC through conditional second moments. It
then shows that, in the linearized system, these wedges are observationally equivalent to a pair
of first-order shocks (productivity and a UIP wedge). Under the common-persistence restriction

(Assumption 2), the resulting spanning weights are time-invariant.

Proof. Work under Assumption 2 and consider the third-order perturbation around the deterministic
steady state.

Step 1 (Asset-market uncertainty wedge). Define the log “depreciation-plus-inflation’

term

Avi1 = (@1 — @) + Teg1

Taking logs of (22) yields
GrTy + Oyyr + by = — log Ky [G_At“] . (E.1)
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By a cumulant expansion around the deterministic steady state,

1 1
—log By [e 2] = By[Appq] — 5 Vary(Agy1) + 6”3,1&(At+1) +O(4), (E.2)

where k34(X) = E¢[(X — E;[X])?] is the conditional third cumulant (third central moment). Under
Assumption | and the volatility experiment, k3 +(A¢y1) = O(4), so third-order corrections in (E.2)
are governed by conditional second moments.

Under the volatility experiment (Definition 1), the time-t conditional dispersion of Ay is driven
by the next tariff innovation e, ;41 scaled by ,e°7t. Let {o denote the first-order loading of Az yq
on 7441 and let (o denote the second-order loading on 537,5 11, both evaluated at the deterministic
steady state:

1
_ —2 2 2
App1 =€ 077 er 1 + B Caoze s +0(3).

Then Vary(As41) = £X52e277¢ + O(3), so the baseline-subtracted variance (Jensen) component is

~ 1 1 1

APTP = —= Var (A1) + 5 Var (A1) = —5ERa7 (7 — 1) + O(4). (E.3)
2 2 O'Tytio 2

The curvature term in (E.2) arises from E;[A;;1] through the second-order component in the

expansion of A;y; above. Since E[e?}t +1) = 1, the baseline-subtracted curvature component is

1

AVTPeury — g A, ] — By [Aggd] ,=3a g2 (e*rt — 1) + O(4). (E.4)
oT,t=

Combining (E.3)-(E.4), the asset-market uncertainty wedge that shifts the linearized log UIP

restriction is

curv N 1 — o
AVIP = AUTPeurv  AUTP _ 5 (Ca— €2)52(e2t —1) + O(4). (E.5)

In the notation of (23), éa = Ay + A, and (a = B + By, so (E.5) implies AVIP = usy oy + O(4)

with us given by the asset-market component of (29). Since e?Tt — 1 = 207, + O(4) and o7,

follows (17), AVI¥ inherits AR(1) dynamics with persistence p at third order under Assumption 2.
Step 2 (NKPC uncertainty wedge). Rewrite the nonlinear NKPC (21) in the form

RU(Tgg) = (e — 1) (mep — 1) + BRE[U (1) Qia], () = (11— DI,

where Q11 = (Yigr1/Y:) exp(qr — qi+1) in logs coincides with the intertemporal term in (21).
Expanding around the deterministic steady state and collecting third-order terms yields the linear

NKPC augmented by an additive wedge:
m = BEi[me1] + Rge — ¢ — caar + Ai\[K +0(4), (E.6)

where (&, c;, ¢,) are defined in (C.9) and ANE collects the baseline-subtracted conditional second-

moment terms generated by the expectation in the Rotemberg NKPC. Under the volatility ex-
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periment, the only time-varying component of these conditional second moments is again driven
by €741 scaled by 7,e77t, so AN is proportional to 62(e%°7:t — 1) + O(4) and therefore inherits
persistence p at third order under Assumption 2.

Step 3 (Equivalence to two first-order shocks). Consider the first-order linearized system
for (m¢, q¢), given by (C.9)—(C.10). In that system, productivity a; enters the NKPC through —c,ay,
while the UIP wedge 1, enters the UIP condition additively. Hence the additive wedges (A{V K A%} Py

constructed in Steps 1-2 are observationally equivalent (at first order) to the pair of fictitious shocks

ANK
ajd = - =t = _AVIP
Ca

in the sense that substituting (a;, ¥:) = (a;?, ;!

) into the linearized system reproduces the same
paths for (m,q) (and thus, through the static block, for any equilibrium variable) up to O(4) terms.

Step 4 (Spanning and time-invariant weights). Linearity of the first-order equilibrium
mapping implies that the impulse response of any endogenous variable x; to the combined disturbance
(ag?,1;?) is the sum of the impulse responses to each component. Under Assumption 2, the equivalent
processes (a;?,1;?) and the basis shocks (at, 1/;) share the same persistence p, so all impulse responses
share a common geometric time profile. It follows that there exist constants (A4, Ay) such that (30)
holds for all horizons.

To obtain closed-form weights, match the impact uncertainty responses of (7, ¢;)—namely
(A7, Ago) = No(Xrs Xq) from (26)—with the span of the first-order impact responses to the two
basis shocks, as in (31). See Proposition 2 (and (32)) for the explicit closed forms. When the two

basis directions are linearly independent, the weights are uniquely determined. O

F Proof of Proposition 3

Section F.1 develops the QC welfare approximation and the associated targeting criterion under
complete markets, and uses it to prove Proposition 3. Section F.2 then discusses why the same
strict-PPI-targeting benchmark does not generally extend to incomplete markets and records a

bond-economy closure useful for implementing Ramsey policy under incomplete markets.

F.1 Quadratic—cubic welfare loss and targeting criterion (complete markets)

This appendix expands on the Quadratic—-Cubic (QC) approach used to characterize Ramsey
policy in our environment (Gross and Hansen, 2021). The QC approach combines a third-order

approximation of welfare with a second-order approximation of equilibrium constraints.
Roadmap. We first provide a compact QC representation of welfare and the Rotemberg NKPC

in gap form. We then derive the associated (history-dependent) targeting criterion and use it to

prove Proposition 3. The key takeaway is that, in the complete-markets PCP economy around the
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flexible-price benchmark allocation, strict stabilization of PPI inflation eliminates all policy-relevant

distortions. Uncertainty affects welfare only through terms independent of monetary policy (“t.i.p.”).

Gaps and marginal-cost wedge. Let #; = log(X;/X) denote log deviations from the determin-
istic steady state, and define (log) PPI inflation 7y, = logIly,. Let g5 denote the benchmark
flexible-price output allocation under complete markets for the same exogenous states, and define
the output gap J; = §; — 9. Around that flexible-price benchmark, log real marginal cost in PPI
units can be written as

nﬁ\ct:wyﬂt—i—ut—#—O(Q), Wy >0, (Fl)

where u; is a (potential) cost-push wedge capturing components of marginal cost that are not

proportional to the output gap. In our complete-markets PCP economy, u; = 0.

Welfare loss. Define the (period) welfare loss Egg) as minus the third-order approximation to
the welfare gain relative to the benchmark flexible-price allocation, ignoring terms independent of

monetary policy. A QC approximation yields
3 _ 1 A ) 1 ~3 -3 ) .
L, = 3 ()\ﬂWH,t + )\yyt) ts (>\71'37TH,t + Ay3yy + )‘yrryt”H,t) + t.ip. + O(4), (F.2)

where “t.i.p.” denotes terms independent of monetary policy (including efficient-allocation risk

terms). Under the normalization C =Y = L = G = 1, a convenient calibration-consistent choice is
Ar = K, Ay =0+, Ar3 = 3)x, A3 = @@ —1), (F.3)
and Ay is typically zero (or negligible) in our benchmark.!

Second-order NKPC. The Rotemberg NKPC admits the second-order approximation

. 3. - 1 __ . 3. .
THt + 5”?{,15 = Kmc (mct + 2m03> + BE, [WH,t-i-l + 5”?{,t+1 + Thr1log Q1| +0(3),  (F.4)

where K, = (e — 1)/k is defined in (20) and Q11 = (Yi41/Y:) exp(q — qe+1) is the intertemporal
term inside the discounted Rotemberg NKPC. Using (F.1) with u; = 0 expresses the NKPC as a

second-order constraint in (7 ¢, J¢).

Targeting criterion. We now derive the targeting rule implied by the QC problem. Throughout
this derivation we work in the complete-markets PCP economy around the flexible-price benchmark
allocation, so uy = 0 in (F.1). The Ramsey planner chooses an allocation (equivalently, a sequence

{TH+, Yt }+>0) to minimize expected discounted welfare loss (F.2) subject to the (approximated)
NKPC (F.4).

'BEquation (F.2) follows from (i) the Rotemberg resource cost, which generates a quadratic and cubic loss in inflation,
and (ii) the second-order Taylor expansion of household utility around the benchmark flexible-price allocation, which
generates a quadratic (and possibly cubic) loss in the output gap.
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Step 1: LQ (first-order) targeting rule. Linearizing (F.4) and using (F.1) delivers the standard
first-order NKPC in gap form,

7ATH,t = KmcWy U + BE; [ﬁ'H,t—l-l] + 0(2) (F5)

Consider the associated LQ Ramsey problem that minimizes the quadratic loss %(Aﬂfr%t + )\ygjf)

subject to (F.5). Form the Lagrangian
J =K Z 8 { (Aetde + N2 ) + 6 (R — Fomewy G — BB [Rrra41]) } . (R

where {¢;} are Lagrange multipliers. Using the law of iterated expectations and the fact that ¢, is

Fi-measurable, the term involving E; [ ¢11] can be rewritten as

Eo Z Bt( BB [T r 141 ) =Eo iﬂt< - ¢t—17ATH,t)'
=1

Differentiating (F.6) with respect to (7, 9) therefore yields the LQ first-order conditions (with

the convention ¢_; = 0):

Aeftls + ¢r — dr1 =0, (F.7)
Ay@t — KmcWy ¢ = 0.

Eliminating the multiplier using (F.8) gives ¢ = (Ay/(Kmewy))ys. Substituting into (F.7) yields the

familiar history-dependent targeting criterion:

Ay

THt = v~
A EmeWy

(Gt — Gt-1). (F.9)
Step 2: QC (second-order) targeting rule. Next, return to the QC objective (F.2) and the
second-order NKPC (F.4). Let 'ty = log Q41 and use (F.1) (with u; = 0) to express marginal

cost in terms of ¢;. Up to second order, it is convenient to write the NKPC constraint as

3. R
*W%{,tﬂ + Tl | = O(3). (F.10)

. 3. R R .
Fit =T+ *W%{,t — Kme <wyyt + 2%3.%2) — BE; |:7rH,t+1 + 5

2

The corresponding QC Lagrangian is
g =B > 8L + o Fi . (F.11)
t=0

Differentiating (F.11) and using the same time-shifting logic as in Step 1 delivers the QC Euler—
Lagrange conditions. In the general Rotemberg/QC problem, these conditions contain additional

terms involving I'; and expectations of future multipliers. For completeness, keeping these terms
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yields the (benchmark-consistent) QC FOCs

)\7r3

Anfme + 5 Ly 3 gty + (14 37me) e — (14 37ms + Te) o1 = O(3), (F.12)
Ay3 - Ayr .
Ayyt + ;3 th + g 71-1%—It Hmcwy(l + wyyt)(bt + ﬁEt[chwy ¢t+lrt+1] - 0(3)7 (Fl?’)

where I'; = log Q) and we adopt the convention ¢_; = 0. In our benchmark complete-markets PCP
economy, u; = 0 and the Ramsey allocation features g = g; = 0 at first order (divine coincidence).
Hence the Ramsey multipliers are themselves second-order objects, so any terms that multiply the
multipliers by first-order objects such as I'y are of order O(3) along the Ramsey path and can be

absorbed into the remainder.? Under this benchmark-relevant simplification, the QC FOCs reduce

to
Ar3 o Ayr - . .
)\ 7THt =+ B TrHt =+ Tytﬂ-H’t + (1 + 37TH7t)(¢t — (bt_l) = 0(3), (F14)
A Ayr . N
AUt + ;3 t2 4+ = G %{t Kmewy (1 + wyTe)dr = O(3). (F.15)

Equation (F.15) implies ¢y = (Ay/(Kmewy))9: + O(2) and therefore

Ot — P11 = Ay + O(2). (F.16)

KmcWy
Substituting (F.16) into (F.14) and dividing by A; yields the following convenient representation of
the QC targeting criterion:

Ar3 Ayr - .

7THt+ 2)\ 7THt+ 3)\ N YtTHt = Ayt—|—0(3) (Fl?)

D) mmcwy
where A¢y = ¢ — Gr—1-

Proof. Work in the complete-markets PCP economy around the benchmark flexible-price allocation.
Step 1 (Divine coincidence under PPI targeting). Suppose policy implements strict PPI
targeting, Iy, = 1 for all ¢ (equivalently, 7+ = 0). Then Rotemberg adjustment costs are zero
and the NKPC (A.15) reduces to
0= (e—1)(me — 1),

so mcy = 1 state-by-state. Around the benchmark flexible-price allocation, real marginal cost in PPI
units is proportional to the output gap. To see this, use me; = exp(q: + vyr — (1 + @)ay) together
with the first-order static mapping y; = 04q; — 07 + O(2) to obtain

'r/n\ct = Fth — I —Taar + 0(2)7 (qu I, Fa) as in (CS)

*Formally, with u; = 0 the first-order Ramsey solution sets (7s.¢, §:) = (0,0) for all ¢, implying ¢; = O(2) in the
perturbation around the benchmark flexible-price steady state. Since I't = O(1), products such as ¢+—1I's are O(3)
and therefore do not enter the second-order targeting criterion.
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Under flexible prices, the benchmark allocation satisfies mei = 0, implying ¢¢% = (I'y7y 4+ Laay)/ I'y+
O(2). Hence

g =0q(q — ™) +0(2), ey =Ty — ¢f™) + O(2) =
wy>0

Therefore me, = 1 implies g, = 0 locally: strict PPI targeting delivers both zero inflation and a zero
output gap (divine coincidence).

Step 2 (Ramsey optimality of strict PPI targeting). The Ramsey planner maximizes
expected lifetime utility subject to the equilibrium constraints in Section 2, taking foreign processes
as exogenous. By the QC approximation, the policy-relevant component of the welfare loss is
summarized by (F.2). Since the allocation with 7y = 0 is feasible and, by Step 1, implies g = 0,
it sets the distortion terms in (F.2) to zero, leaving only terms independent of monetary policy.
Because A\x > 0 and A, > 0, any feasible allocation with (7g 4, 7¢) # (0,0) yields a strictly higher
loss locally. Hence Ramsey policy coincides with strict PPI targeting under complete markets and
PCP.

Step 3 (Uncertainty shocks). Under the volatility experiment (Definition 1) the tariff
level 7, is unchanged and only the conditional variance of future tariff innovations varies. Under
Ramsey/PPI targeting, 7y = 0 and g; = 0 state-by-state, so the allocation coincides with the
benchmark flexible-price allocation, which depends on exogenous levels but not on the volatility
state. Hence tariff uncertainty shocks do not move allocations (up to third order), though they can

affect welfare through risk terms evaluated at the benchmark allocation. O

F.2 Incomplete markets: Ramsey policy and the breakdown of strict PPI
targeting

The main text focuses on complete markets, where strict PPI targeting is Ramsey optimal. Under
incomplete markets, risk sharing is absent and consumption is no longer pinned by the real exchange
rate. Consequently, the planner faces an additional intertemporal stabilization motive. A convenient
way to summarize this distinction is that the QC welfare loss generically includes a consumption-gap

term:
Proposition F.1 (QC welfare loss under incomplete markets (gap form)).

1
LtIM’(s) =3 <)\ﬂ-'ﬁ'%[’t + A7+ Acéf) + higher-order terms + t.i.p. + O(4), (F.18)

where ¢ = ¢ — éteff is the consumption gap relative to the benchmark flexible-price allocation under

incomplete markets.

3The presence of & reflects that, without international risk sharing, consumption dynamics are pinned down by
intertemporal optimality (Euler) conditions rather than by a static risk-sharing relationship.
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Under the normalization C = G = 1, a convenient benchmark coefficient is
Ae=0—1, (F.19)

so the quadratic consumption-gap term is absent under log utility (¢ = 1) and strictly positive for
o>1.

Remark F.1 (Log-utility benchmark). When o = 1, the quadratic consumption-gap term drops
out of (F.18). Intuitively, with log utility the marginal utility of consumption is proportional to
1/Cy, so (locally) the welfare cost of intertemporal consumption fluctuations is weaker. In this case
strict PPI stabilization can remain a particularly accurate approximation even under incomplete
markets, though higher-order terms (and external-balance considerations in a bond economy) can

still generate small Ramsey deviations.

At third order, the consumption block also generates a cubic term %)\036;?’ with Aeg = — (0 — 1) \¢
under the same normalization. Even when strict PPI targeting forces mc; = 1 and eliminates
price-adjustment costs, it does not in general eliminate the consumption gap; hence 7y ; = 0 need
not be Ramsey optimal. Section G provides the corresponding positive-equilibrium restrictions
under incomplete markets and shows that stochastic volatility introduces an additional Euler/Jensen

wedge.

Proposition F.2 (Strict PPI targeting is generally not Ramsey optimal under incomplete markets).
Consider the incomplete-markets economy and the QC welfare representation in Proposition F.1.
Suppose Ae > 0 and that the consumption gap ¢ is locally policy-relevant (i.e., feasible policy
perturbations can change ¢ around the benchmark flexible-price allocation). If strict PPI targeting,
Ty = 0 for all t, implies a nonzero consumption gap for some histories, then strict PPI targeting

cannot be Ramsey optimal under incomplete markets.

Proof. Under the QC approximation, Ramsey policy minimizes the expected discounted sum of
the policy-relevant loss terms in (F.18) subject to the incomplete-markets equilibrium constraints.
Under strict PPI targeting, 7 = 0 for all ¢, so the inflation-loss component is identically zero.
If strict PPI targeting implies ¢ # 0 for some histories, then the consumption-gap term %/\céf is
strictly positive at those histories. Since ¢; is locally policy-relevant by assumption, there exists a
feasible local policy perturbation that changes ¢ at second order. With A, > 0, such a perturbation
can (locally) reduce the objective relative to strict PPI targeting unless strict PPI already minimizes
the consumption-gap component. Therefore strict PPI targeting cannot, in general, coincide with

the Ramsey optimum under incomplete markets. O

Remark F.2. Proposition F.2 formalizes the sense in which “divine coincidence” breaks under
incomplete markets: even if policy neutralizes the marginal-cost/inflation distortion, an intertemporal
distortion remains because consumption is pinned down by an Euler equation (rather than by static

international risk sharing).
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F.2.1 A bond-economy incomplete-markets closure (for Ramsey)

To make the Ramsey problem under incomplete markets well-defined under perturbation (i.e.,
to avoid non-stationary net foreign assets around a balanced-trade steady state), we adopt a
standard bond economy closure with a debt-elastic premium. Let B; denote Home-currency nominal
bond holdings (in zero net supply) paying gross return R; (the policy instrument), and let B
denote holdings of a Foreign-currency nominal bond paying the exogenous gross return R; times a

stationarity premium. Let the CPI-deflated Home-currency value of net foreign assets be

£,B;
bt = )
Py

(F.20)

where b; > 0 means net foreign assets and b; < 0 means net foreign debt. We model the stationarity
device by assuming the effective foreign gross return is R} exp(—pb:) with 1, > 0, so borrowing
becomes more expensive as b; falls (debt rises).

The two Euler equations are

1 = BRE,

Cir1\ 7

(Ct) HC}tH], (F.21)
Cir1\ 7 o1 &

(Cer) gy ] .

Dividing (F.22) by (F.21) yields UIP with an endogenous premium. At first order (around b = 0),

this takes the familiar form

1 = BRe VR,

te — 7f = E¢[Aei1] — pby + O(2), (F.23)

where 7y = log(R;/R), Aegy1 = log(Ei41/&:), and hats denote log deviations from the deterministic
steady state. The law of motion for b; follows from the Home household budget constraint and
goods-market clearing; the key point is that ¢, > 0 induces mean reversion in b; and therefore a

well-defined stochastic steady state.

F.2.2 Why strict PPI targeting is not Ramsey optimal under incomplete markets

Even though strict PPI targeting enforces mc; = 1 and eliminates Rotemberg price-adjustment
costs, it does not in general eliminate the consumption gap ¢ in (F.18), because consumption is
determined intertemporally by (F.21)—(F.22). The planner therefore faces a genuine stabilization

trade-off among inflation, the output gap, and intertemporal allocations.

Implementation note. The bond-economy Ramsey problem is most conveniently implemented
by treating (7, 7x+) as endogenous and imposing the Euler blocks (F.21)—(F.22) together with the
external-budget law for b; and the remaining equilibrium conditions. This avoids relying on an ad

hoc UIP truncation and makes the role of the stationarity device transparent.
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G Incomplete Markets Extension

Under incomplete markets, risk sharing (12) is dropped. The static demand/price-index block is
unchanged, but consumption is no longer pinned by @; via (13). The baseline nonlinear closure is
therefore the exact bond-economy Fuler block from Section F.2.1: the domestic Euler equation, the
foreign-bond Euler equation, and the external-budget law for bond holdings. At first order, dividing
the two Euler equations yields UIP with an endogenous premium, but that UIP object is only a

linearized implication of the bond economy, not a separate exact nonlinear restriction.

Roadmap. We first state the exact bond-economy incomplete-markets representation (Proposi-
tion G.1) and highlight how it differs from the complete-markets reduction. We then isolate the
additional Euler/precautionary-savings Jensen channel that becomes active under tariff uncertainty
(Proposition G.2) and show how it modifies the spanning logic and the Ramsey benchmark. The

remainder of the section reports the resulting quantitative comparison, including Figure G.1.

o =(1—-a)+ a(TFﬂth)l*V, G, = @;/(1_7), (G.1)
v
CH,t = (]_ — a)G;YCt, Xt = C}k{’t =« <,§2_Ht<> (Wlth Ct* = ].), (GQ)
t
O+ Xy _ o ve g—(14¢)
Y= 1— 5y, —1)% ma=XGOTA 7 (G
G
Hew =Hmg - a : (G.4)
t—1

Proposition G.1 (Exact bond-economy incomplete-markets system). Under incomplete markets
and PCP, equilibrium is summarized by the static block (G.1)—(G.4), the nonlinear NKPC

Y < Cy )J Gy
i \Cir1/) Genr

k(g — Dy = (€ — 1)(mey — 1) + BrE; [(HH,t-H — DIIg 41 ] ,  (G.5)

and the exact bond-economy asset-market block
Cir1\ 7 1
< Ct HC,t—H
Cir1\ 7 -l Eip1
C; Citl g |
together with the external-budget law for by from Section F.2.1. Here (Gy,Y:, mey, o) are defined

by (G.1)+(G.4) as functions of Upy, Qr, Cr, Try, T, Ar), Ry is determined by the policy rule in the
main text, and the displayed Euler equations are precisely (F.21)—~(F.22). Dividing the foreign-bond

1 = BR:E,

)

1 = BRje V*"E,

Euler equation by the domestic Euler equation yields the first-order UIP-with-premium relation

(F.23), but there is no separate exact nonlinear UIP equation in the baseline bond economy.

Relative to complete markets, four differences matter. First, risk sharing no longer pins
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consumption, so the domestic Euler equation becomes a non-redundant equilibrium condition.
Second, the stochastic discount factor in the NKPC no longer collapses to Q¢/Q¢+1. Third, bond
holdings become an additional state variable that matters for determinacy and the stochastic steady
state. Fourth, at third order, stochastic volatility enters the domestic Euler equation through an
additional Jensen/precautionary-savings wedge. As a result, the exact two-channel decomposition
in Proposition 2 becomes approximate (though often quantitatively tight), and strict PPI targeting

no longer neutralizes tariff uncertainty in general (Corollary G.1).

Remark G.1 (First-order UIP shorthand for comparison). For linear comparison exercises it is
convenient to summarize the foreign-asset block by the implied first-order UIP-with-premium
relation (F.23) and to keep the reduced-form 1; shock as a basis shock in spanning exercises below.
This is only a first-order comparison device. The nonlinear incomplete-markets baseline is always
the bond-economy block (F.21)—(F.22) together with the external-budget law for b;.

Proposition G.2 (Incomplete markets add an Euler Jensen channel). Consider the exact bond-
economy incomplete-markets economy in Proposition G.1 under the volatility experiment in Defini-
tion 1. Let ¢y = log(Ct/C), + = log(Ri/R), and #ics = log(Ilct). Then the third-order perturbation

of the domestic Euler equation (F.21) admits the representation
. . 1, . 1 ~
¢ = EyfCiq1] — ;(Tt — Ei[fogs]) — p AF +0(4), (G.6)

where the Fuler Jensen wedge is the baseline-subtracted conditional-variance correction induced by

the log-expectation in the Fuler equation,

+0(4), (G.7)

with

Xip1 = —0(Cq1 — C) + Tt — TC 41 (G.8)

Under stochastic volatility, the Euler Jensen wedge ﬁtE is generically nonzero and provides an
additional precautionary-savings transmission channel for tariff uncertainty. Consequently, the exact

two-shock spanning result of Proposition 2 need not hold under incomplete markets.

Proof. Rewrite the domestic Euler equation (F.21) as a log-expectation. Using R = 1/8 and Il¢ = 1,
define X;41 as in (G.8) so that

1=E; [ext“] — 0 =logE; [eXt“] .
Applying the same third-order cumulant expansion as in (E.2) gives

1 1
0 = Et[Xt+1] + 5 Vart(Xt_,_l) + 6K37t(Xt+1) + 0(4)

Under Assumption | and the volatility experiment, 3 +(X¢+1) = O(4), so it does not affect the third-
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order representation. Since 7; and ¢; are Fy-measurable, By [ Xi41] = —0(E¢[¢i41] — &) + 7 —Ei [T p41]

and Vary(Xy1) = Vary(—oé41 — Tce4+1). Rearranging yields

. . 1, . 1
Ct = Et[ctﬂ} — ; (’l“t — Et [7TC,t+1]) — % Val't(XH.l) + 0(4)

Baseline subtraction (relative to the o7 = 0 path) yields (G.6)-(G.7).

To emphasize the economic content, note the variance decomposition
Vart(Xt+1) = 0’2 V&rt(ét+1) + Val't(ﬁ'c7t+1) + 20 COVt(ét+1, 7%07“_1). (Gg)

In addition, CPI inflation satisfies 7cy = m s + (G — g¢—1) from (A.11). Under constant import
tariffs and around the deterministic steady state, g = ag; + O(2), so the Euler wedge inherits the
terms-of-trade component through CPI inflation.

Under the volatility experiment, the only time-varying component of (G.9) is driven by the
next tariff innovation scaled by 6,¢77t. Hence AF is proportional to g2(e207+ — 1) + O(4) and is

generically nonzero. O

Remark G.2 (Closed-form wedge under the volatility experiment). Under the volatility experiment,

let (&, &x,&y) denote the first-order loadings (evaluated at the deterministic steady state) such that

ét—‘,—l = gc 6TeUT’t5T,t+1 + 0(2)7
THi+1 = &r 0re"Tter 1 + O(2),

Giy1 = &g 0.7 Tter 111 + O(2).

Using the identities

TCt41 = TH 41 + (Ger1 — i), Gi+1 = i1 + O(2)

under constant import tariffs, the CPI-inflation loading is {r, = {x + ;. Then the variance term
in (G.7) satisfies

AF = Mot + &t —1) + O(). (G.10)

Since (0€. + &7.)? > 0 and €7t — 1 > 0 after a positive volatility innovation, &tE is (locally)
nonnegative and therefore acts as a precautionary-savings wedge that lowers current consumption

in (G.6), all else equal.

Corollary G.1 (Incomplete markets: strict PPI targeting does not eliminate uncertainty effects).
Consider the exact bond-economy incomplete-markets economy in Proposition G.1 and the tariff-
volatility experiment in Definition 1. Suppose monetary policy implements strict PPI targeting,
Myt = 1 for all t. Then the Rotemberg NKPC implies mc; = 1 state-by-state, eliminating
price-adjustment distortions. Nevertheless, if the Euler Jensen wedge ﬁtE in (G.6) is nonzero

for some histories (generically under stochastic volatility), consumption and therefore output and
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external variables depend on the volatility state at third order. Hence, unlike under complete
markets (Proposition 3), strict PPI targeting does not in general make allocations invariant to tariff

uncertainty under incomplete markets.

Proposition G.3 (Three-channel spanning under incomplete markets). Impose Assumption 2
and consider the exact bond-economy incomplete-markets economy in Proposition G.1. Introduce
a (classical) discount-factor shock by letting the effective discount factor be By = Be¥, where
dy = pdi_1 + 0qgq, is independent of the other innovations. Let IRFP°™(z) denote the first-order
impulse response to a one-standard-deviation innovation in dy.

Then there exist constants (Aa, Ay, Ap) such that for every horizon t > 0,
IRFI(2) = A IRFY™(2) 4+ Ay IRFY () + Ap IRFP™ (z) + O(4). (G.11)

In general Ap # 0, so a two-shock decomposition need not be exact under incomplete markets.

Proof. The proof follows the same wedge-equivalence logic as Proposition 2, with one additional
wedge coming from the Euler equation.

Step 1 (Euler Jensen wedge = discount-factor shock). Proposition G.2 shows that, at
third order, the Euler equation can be written as the usual log-linear Euler equation plus the additive
term —(1/ U)Af . At first order, a discount-factor shock d; enters the log Euler equation additively
in the same way (it shifts the log SDF). Hence the wedge path is observationally equivalent, to first
order, to a fictitious discount-factor shock process d;? = &f .

Step 2 (Uncertainty generates three wedges). Under the volatility experiment, the exact
bond-economy equilibrium conditions generate three distinct higher-order wedges: (i) an NKPC
wedge ANE from conditional second moments inside the discounted Rotemberg NKPC term, (ii) an
asset-market /UIP wedge AVZF from conditional second moments in the foreign-bond Euler equation,
equivalently in the implied first-order UIP relation (E.5), and (iii) the Euler Jensen wedge AE from
the log-expectation term in the domestic Euler equation. Therefore the third-order equilibrium
under tariff uncertainty is observationally equivalent, up to O(4) terms, to the equilibrium of the
linearized incomplete-markets system under the three fictitious first-order shocks (ay?, ¥, d;?) that
replicate these wedge processes.

Step 3 (Common persistence = constant weights). Under Assumption 2, each wedge
process is proportional to 52(e??7¢ — 1) = 25207 + O(4) and hence inherits AR(1) dynamics with
persistence p at third order. The basis shocks (a¢, ¢, d;) also have persistence p, so all first-order
impulse responses share a common geometric time profile. Linearity then implies the constant-weight

spanning representation (G.11). O

Remark G.3 (A closed-form expression for the demand weight). In the normalization of Proposi-

tion G.3, the discount-factor shock has impact o4. Since the equivalent shock path is d;? = KF , a
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convenient choice of the demand weight is

_ A7

Ap = (G.12)

0d
Using (G.10) gives an economically transparent expression for Ap in terms of risk aversion, openness,

and the first-order sensitivity of (¢;41, TH¢+1, ge+1) to tariff innovations.

G.1 Robustness: incomplete markets (quantitative illustration)

Figure G.1 provides a quantitative comparison of tariff-uncertainty impulse responses under complete
and incomplete markets, illustrating the mechanisms formalized above. The updated baseline
comparison makes the distinction sharp. Under complete markets and strict PPI targeting, output,
consumption, exports, and the terms of trade are zero on impact up to numerical error, though the
policy rate still adjusts to satisfy the asset-pricing condition. Under incomplete markets and strict
PPI targeting, output rises by about 0.0084%, consumption falls by about 0.0068%, exports rise
by about 0.0259%, and the terms of trade rise by about 0.0172% on impact (equivalently, Home
experiences a small real depreciation). Under incomplete markets with a PPI-based Taylor rule,
output rises by about 0.0079%, consumption falls by about 0.0219%, exports rise by about 0.0455%,
and the terms of trade rise by about 0.0304%, reflecting the additional interaction between the

Euler/Jensen wedge and the policy rule.
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Figure G.1: Tariff uncertainty shock under complete vs incomplete markets.

Notes: The figure plots third-order impulse responses to a one-standard-deviation innovation in tariff volatility at
t = 0 (Definition 1), using the baseline calibration in Table A.1. Blue (CM+PPI) imposes complete markets and
strict PPI targeting; green (IM+PPI) imposes incomplete markets under strict PPI targeting; orange (IM+Taylor)
imposes incomplete markets under a PPI-based Taylor rule. All variables are reported as percent deviations from
steady state (log points multiplied by 100), except bond holdings which are shown in levels. Under complete markets,
strict PPI targeting neutralizes uncertainty shocks in real allocations (Proposition 3). Under incomplete markets,
uncertainty effects are generically nonzero even under strict PPI targeting because an Euler/precautionary-savings
(Jensen) channel becomes active at third order (Proposition G.2).

H Policy-Rule Comparison: PPI vs CPI Taylor Rules

This appendix records the algebra behind the comparison between a PPI-based Taylor rule and a CPI-
based Taylor rule in the complete-markets economy. Because CPI inflation embeds exchange-rate
movements through the CPI-PPI wedge, a CPI-based rule responds to terms-of-trade movements in

addition to domestic price-setting distortions, even at first order.

Roadmap. We proceed in three steps. First, we derive the Euler-consistent asset-market closure
implied by a CPI-based Taylor rule. Second, we relate CPI to PPI inflation via the CPI-PPI wedge
and show how CPI targeting introduces additional state dependence (through ¢,—; at first order) in
the minimal log system. Third, we solve the first-order dynamics under CPI targeting and report

the quantitative comparison used in the paper.
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H.1 CPI-based Taylor rule and the asset-market closure

The main text imposes the PPI-based Taylor rule (14). A CPI-based alternative replaces PPI

inflation with CPI inflation:
Ry

~ }/;5 ¢U

Combining (H.1) with the Euler-consistent asset-pricing relation (11) and the terms-of-trade identity
Ei/E1 = Qt/(Qi111m441) (under constant Foreign prices) yields the closure

oy
1 =11y, (?) eV, [Qt} : (H.2)

Qir1lg 41

which differs from (B.8) only by the inflation measure inside the Taylor rule.

H.2 CPI inflation vs PPI inflation

The CPI-PPI wedge G; = P,/Pp, implies the identity (A.11):

— mor =T + (96 — gi—1)s (H.3)

where ¢ = logllcy, m = loglly,, and g; = logG. Under complete markets, G; is a static
function of (Q¢,Tr;) through (A.8). Around the deterministic steady state with Tp; = 1, a

first-order expansion gives
gt = ag + 0(2), (H.4)

so CPI inflation inherits an exchange-rate/terms-of-trade component:
mow = T+ alq — qi-1) + O(2). (H.5)

H.3 Log form in the minimal two-equation system (complete markets)

Under complete markets, the log form of the asset-market closure under a CPI-based Taylor rule is

obtained by replacing m; with 7¢; in (22):

1 = exp(¢rmop + dyyr + Vi) Ee [exp( — (q41 — ) — me41)] (H.6)

where ¢ is given by (H.3) and y; = y(m, g, 7¢) is pinned down by the static block (Section B).
Relative to the PPI-based system (21)—(22), the CPI-based rule introduces the predetermined term
gi—1 (equivalently g,—1 at first order) through 7c .
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H.4 First-order solution under a CPI-based Taylor rule
At first order, the NKPC (C.9) is unchanged. Using (H.5) in the first-order log asset-market

restriction associated with (H.6) yields

Ormy + (Py0q + adr)qr — (Dy07)Te — adrqi—1 + Y = Eg[(qe1 — q¢) + Teg1], (H.7)

so the CPI-based rule introduces the endogenous predetermined component ¢;—; into the linearized
system.
H.4.1 Homogeneous dynamics

Suppress all exogenous shocks and set (7, a¢,¥1) = 0. Guess a homogeneous solution of the form
m = Brqi—1 and ¢; = Byq;—1. Substituting into (C.9) and (H.7) yields

iB,

By =1L,
1- 3B,

(H.8)
and B, must satisfy the cubic equation

8BS - [(R 1)+ B(1+ pyby + agf)ﬂ)} B2+ [fwﬂ + (14 ¢y, + ads) + Baqb,r] B, — ady = 0. (H.9)
The relevant root is the stable one with |B,| < 1; then B; follows from (H.8).

H.4.2 Shock loadings and impulse responses

For an AR(1) tariff state with persistence p;, seek a solution of the form
7y = AxTi + Brqi—1, qr = Aqmi + Byqi—1.

Matching coefficients on 74 in (C.9) and (H.7) yields the 2 x 2 linear system

1- T — (K Br A7r —Cr
¢7r — Pr 1 + ¢y9q + O‘§b7r — Pr — Bq - B7r Aq Qbyer
so given (By, By), Cramer’s rule delivers closed forms for (A, A,).

For a one-time surprise tariff shock at t = 0 with 7 = pL&, and initial condition ¢_; = 0, the

terms of trade follows the recursion
gt = AqTt + Byqi—1, qg-1=0. (H.11)

If B, # pr, this recursion has the closed-form solution

t+1 _ pgt+l
g = A5 T ¥ (H.12)

pr — By
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Inflation is then 7 = A,7¢ + Brq:—1, and all remaining variables follow from the static mappings in
Section B.4 together with the exchange-rate identity (B.15).

H.4.3 Deterministic tariff news under a CPI-based Taylor rule
Consider the deterministic news path in (B.36) with initial condition ¢_1 = 0. For ¢t > k (at and
after implementation), the law of motion is the same as in the surprise-shock case:

qt = Ath + qut—17 7 = AxTi + Brqi—1, Tt = ﬂt;kﬁr-

Defining n =t — k > 0 and assuming B, # p,, this yields the closed form

n+1 n+1
Pr - Bq

Ghan = By quo1 + Ago, n >0, (H.13)

with 751, = Azpld; + Brqi+n—1. Therefore, to characterize the entire news-shock path it suffices
to determine the pre-implementation state q_.

During the anticipation window 0 < ¢ < k, one has 7z = 0. Under perfect foresight, (C.9) and
(H.7) reduce to

T = Rqs + 57Tt+1, (H14)
G+ (1 + ¢yby + adn)qt — @drqi—1 = Tpp1 + Gy (H.15)

Define the augmented state vector s; = (7, ¢4, qt,l)T. Since ¢ is the predetermined component in

St+1, (H.14)-(H.15) imply a backward recursion of the form

St = Hst+1, 0<t <k, (H.16)
where
B 0 z
H= 0 0 i 1 . (H.17)
O —1 o 1 ¢wﬁ+1+¢y9q+a¢n
AP P QP
At implementation, the policy functions imply
Aﬂ' Bﬂ'
sp=0r | Ag | +ar-1 | By | - (H.18)
0 1
SN—— N——
Vo v1

Tterating (H.16) gives so = HFsy,, whose third component equals the initial condition ¢_;. Imposing
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g—1 = 0 therefore pins down qx_1:

_ 6§—Hkv()
Qk—1 = —07 e

. , es = (0,0,1)7. H.19

Finally, the anticipation path follows from s; = H*ts;, for 0 < ¢t < k and the post-implementation
path from (H.13). All remaining variables are recovered using the static mappings in Section B.4

and the exchange-rate identity (B.15).

I Additional Figures

This appendix collects additional figures that complement the main-text quantitative illustrations.

1.1  All model variables under tariff uncertainty

Figure 1.1 reports the impulse responses of all endogenous variables under the PPI-based Taylor
rule and complete markets; the close agreement between the closed-form predictions and Dynare
order-3 simulations confirms the accuracy of the analytical characterization.

The top row reports real quantities. Output, consumption, and exports all rise on impact:
the NKPC uncertainty wedge is deflationary, inducing monetary easing that depreciates the real
exchange rate and boosts competitiveness. Imports decline because the real depreciation raises
the relative price of Foreign goods. The second row shows price and exchange-rate variables.
Both PPI and CPI inflation fall, reflecting the deflationary NKPC wedge; the terms of trade
rise (real depreciation); and the nominal depreciation rate is negative (appreciation) because the
asset-market /Jensen wedge dominates the nominal side even as PPI deflation dominates the real
side. The bottom row confirms that the policy rate drops sharply (Taylor-rule easing in response
to deflation), marginal cost rises (driven by the terms-of-trade movement), and both the real and
nominal wage respond accordingly—the real wage rises with output and the terms of trade, while
the nominal wage falls as the cumulating deflation dominates.

A notable feature is that marginal cost rises even though PPI inflation falls. Decomposing the
impact NKPC, 7o = BEo[mm 1] + Kmemco + AO‘] , the contemporaneous cost-push term (k,cmco =~
+0.02 pp) is dwarfed by strongly negative expected future inflation (8Ep[mm,1] ~ —0.64 pp) and the
deflationary Jensen correction (AOJ ~ —0.10 pp): uncertainty works mainly through forward-looking

pricing wedges.
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Figure I.1: Tariff uncertainty shock: all model variables (Taylor rule).
Notes: Each panel plots the third-order impulse response to a one-standard-deviation innovation in tariff volatility at

t = 0 (Definition 1), with all other shocks shut down, using the baseline calibration in Table A.1 and the PPI-based
Taylor rule. Solid lines: closed-form predictions from (xr, Xq) via the static mappings in Section B.4. Circle markers:
Dynare order-3 simulation. For the eight core variables (¢, ¢, Tr,t, TC ¢, Gt, Et, Tt, Aet) the markers come directly from

the saved model output; for derived variables (me, ér,e, W/P,, W) they are computed from the simulated paths using
exact (marginal cost, real wage) or first-order (imports, nominal wage) static mappings. Variables are reported as
percent deviations from the deterministic steady state. The depreciation rate Ae; = er — et—1 = (gt — qe—1) + ¢ is
plotted rather than the exchange-rate level to avoid cumulative drift; the nominal wage w; is a cumulative (level)
deviation and is therefore not purely geometric in the volatility state. Labor is omitted because Ly = Y;/A: and A, is
at steady state under the volatility experiment, so Iy = U¢ exactly.

1.2 Higher-order nature and the policy benchmark

Under the volatility experiment in Definition 1, the tariff level remains at its steady state, so the
shock affects equilibrium only through time-varying conditional variances and the associated Jensen
corrections. In a perturbation around the deterministic steady state, this implies that impulse
responses to the volatility innovation are zero at first order and at second order: second-order terms
capture stochastic-mean shifts from baseline risk, not responses to a volatility innovation. The first

nonzero impulse responses therefore appear at third order through terms proportional to 53073.
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Figure 1.2: Uncertainty shocks are higher-order objects.

Notes: 1In this model, a volatility innovation affects equilibrium through conditional-variance (Jensen) terms and
therefore has no first- or second-order impulse responses. The figure plots impulse responses to the volatility innovation
in Definition 1 across perturbation orders, contrasting the nonzero third-order responses under a Taylor rule with the
(approximately) zero responses under strict PPI targeting in the complete-markets economy.
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1.3 Decomposition and market structure
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Figure 1.3: Decomposition across market structures.

Notes: Dots report third-order uncertainty impulse responses to the one-standard-deviation volatility innovation
in Definition 1 under the baseline calibration in Table A.1 and the PPI-based Taylor rule. Solid lines plot the best
constant-weight two-shock fit using first-order productivity and UIP-wedge shocks; dashed lines add a third first-order
discount-factor (Euler) shock. Under complete markets, two shocks span the uncertainty responses essentially exactly
(baseline R? = 1.000; Proposition 2). Under incomplete markets, the same two shocks leave a material gap (baseline
R? = 0.545); adding the discount-factor/Euler shock restores an exact fit (R* = 1.000), consistent with the additional

Euler/Jensen wedge at third order (Proposition G.3).
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1.4 Trade policy uncertainty index
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Figure 1.4: U.S. Trade Policy Uncertainty Index, 2014-2026.

Notes: Monthly Trade Policy Uncertainty (TPU) index of Caldara, Iacoviello, Molligo, Prestipino and Raffo (2020).
Diamond markers denote events with direct implications for Canada; circles denote general U.S. trade-policy events.
The dashed horizontal line marks the pre-2024 peak. The vertical dash-dot line marks the scheduled CUSMA /USMCA
joint review (July 2026). Shaded regions indicate the first U.S.~China trade-war era (2018-2019) and the second
trade-war era beginning in 2025.
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